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MATEMATHYHA MOJAEJIb AJ1A JOCTIAXEHHA HECTALIOHAPHUX

TEYIA HECTUC/IMBOI PIIUHU Y TPYBAX

[IpoananizoBaHo HayKoBi poOOTH 3 pO3B'I3KY 3a4ad MPO HECTA[IOHAPHUH PyX PIAVHM B MIUIIHAPUIHKX TpybOax. BeraHoBneno,
IO ITi/T 9ac po3B'sI3yBaHHS 3a[a4d HEYCTAICHNX PYXIB PIAUHH y TpyOax BUHHKAE MOTpeda BU3HAYCHHS IIBUIKOCTEH PiTUHN y IIepepi-
3ax TpyOOIpPOBONY, SIK B OCLOBOMY, TaK 1 pagianbHOMY HampsMKax. KiacnaHi MeTonu BUpIIICHHS ITi€l 3a/1a4i HEe TAI0Th 3aI0BLUIBHUX
pe3yabTaTiB. Y IOCKOHAJICHO METOAWKY PO3pPaxyHKY HECTAI[IOHAPHUX MOTOKIB PIAMHM Ha OCHOBI JUCHIIATHBHOI Mojeni. Y qocii-
JDKEHHSIX BUKOPHCTAHO MOJETb 13 BPaXyBaHHSAM AMCHIIATHBHUX IIPOLECIB Tedil B'I3KOI PiIUHY, SKy BUBYAIN BapialliifHIM METOOM,
BPaxOBYIOUH [TOYATKOBI 1 rpaHudHi yMOBH. O0'€KTOM OCHTIIPKEHHSI € T1APABIIivHI IPOIECH B HEYCTATEHUX MOTOKaX B'I3KOI P1IUHU Y
LT HAPIYHOMY TPYOOIIPOBO/i. 3arpOIIOHOBAHO YIOCKOHAJICHY METOIAWKY PO3PaxyHKY HEYCTAICHUX ITOTOKIB JJISI HECTUCIHMBOIL pi-
JIMHU Ha OCHOBI JUCHIIATUBHOI Mozeli. 3$ICOBAHO, IO B bOMY BHIAIKY IPUITYIICHHS PO HEXTYBAHHS KOMIIOHEHTOIO pajiabHOL
MIBUAKOCTI € aCHMITOTUYHO oO0rpyHTOoBaHMM. HaBeneHo HM3bKOUacTOTHI po3B's3ku piBHAHB Has'e-CTokca st crporneHol Mozeni
HECTHCIUBOI pigvHU. JlMCHIIaTMBHA MOJENb IPYHTYETHCS HA ABOX IMPUITYIICHHSAX IPO MOPSIKH po3B's3kiB piBHAHB Has'e-CTokca
CTOCOBHO Yacy Ta 0CbOBOi KOOpAMHATH. IpH 11bOMY HisIKi IPHUITYIIEHHS OO0 TMOPSAKY BEIIMYHMHN KOMIIOHEHTIB MIBUAKOCT] HE BUBO-

TISITBCSL.

Kniouosi cnosa: HeycTaneHnii; HECTAIIOHAPHIHN; PYX P1ANHU; JUCHIIATHBHA MOJIEIh; PO3IIOILT IIBUIKOCTEH.

Beryn. ITix gac po3B's3Ky 3a7a4 HeycTaJleHUX PYXiB pi-
JIMHU y TpyOax BHHHUKAE MOTpeda BU3HAUCHHS MIBUAKOCTEH
pimuHM B riepepizax TpyOOIpOBOILYy SIK B OCHOBOMY, Tak i
panmianpHOMY HampsiMkax. KilacHuHi MeToau BHpIIIEHHS
i€l 3a1a4i He JaloTh 3aJOBIIBHUX PE3YIIbTATIB.

[eprmri TeopeTHyHI TOCIiHKEHAS HECTAIIOHAPHUX TEUil
HECTHCIIMBOI PiMHU B TpyOax, Jie BUKOPUCTOBYIOTH Jude-
peHLiaNbHI PIBHSHHS, IO ONWCYIOTh 3MiHH Hpodiio
IIBHAKOCTI 1 Koe(illieHTa TepTsl, MPOBOAWIN BXE HaIlpH-
kinmi XIX cr. (Gromeka, 1952). Mozens B'I3K01 HECTHCIIH-
BOI PIIMHU Ma€ IHPOKE 3aCTOCYBAHHS 10 CHOTOJTHI.

BuBueHHs HecTalliOHAPHUX TEYild CTUCIHBOI PIAWHU B
Tpy0ax i3 3MiHHAM KOe(iI[iEeHTOM TepTs OYaIocs TUIBKU B
50-ti pokn XX crt. [Ipn boMy 3acTOCYBaHHS 3HAHIUTH /ABi
MOJIeTIi — MOJeNb IutockomapanensHoi Tevii (Shablovskii,
2007; Mochalin, 2002; Jayasinghe, & Leutheusser, 1972) i
nmucunatuBHa Monenb (Magrakvelidze, 2005; D'Suza, & Ol-
denburger, 1964; Barmetov, & Palishkin, 2007; Bondaren-
ko, & Terentev, 2009; Charnyi, 1975; Popov, 1977). Xoua
MOJIEJh IUIOCKONapaseNbHOI Tedii € MPOCTIMIO, ITUPOKOT0
3aCTOCYBaHHSI BOHA HE 3HAMIUIA, OCKUIBKM BOHA HE MOXE
OyTH TEOpEeTUYHO OOIPYHTOBAHA.

IHpopmauisa npo asTopis:

[ling yac BHUBeACHHS TUCHITATHBHOI MOEII 3 piBHSIHB
Hag'e-Ctokca 3acTocoBYBajM METOJ, 3a SIKUM IOCTYIIOBO
BBOJAWTHCS HU3KA TMPUITYIICHb I HA OCHOBI IX BHUBOJUTHCS
BIJIMOBi/THA CIPOIIEHA CHCTeMa Au(epeHIliaTbHUX PiBHIHB
(Magrakvelidze, 2005; D'Suza, & Oldenburger, 1964; Bar-
metov, & Palishkin, 2007; Bondarenko, & Terentev, 2009;
Charnyi, 1975; Popov, 1977). 3a Takoro BHCHOBKY 3alT-
IIA€THCS HE3PO3YMITOI0 "3aMKHYTICTB" 3pOOJICHUX MpHUILY-
IICHB 1 OTPUMAaHOI MOJIEIIi, @ TAKOX 3B'S3KH MK BBEJICHIMU
MIPUITYIIICHHSIMH.

Ha ocHOBI IpyHTOBHUX OCTIIXKCHb OTPUMAHO XapaKTe-
PUCTHKH PO3IMOBCIOKCHHS 30ypeHb Y IMTIHAPUIHUX TPY-
0ax 3a piBasHHAMU Hap'e-CTOKca I OKpEeMHX BHITAJIKIB
IIPY MEBHUX JMOJATKOBUX mpumymmeHHsx (Adamkowski, &
Lewandowski, 2006; Rakhmatullin, & Kim, 2006; Girgi-
dov, 2009; Gnativ, & Mikitin, 2012; Gnativ, 2013). V mux
poOoTax rojloBHA yBary MpUIiICHO BUBYCHHIO XapaKTepUC-
TUKH TIOIIMPEHHS 30ypeHb, a He PO3po0JIeHHIO Ta O0IpyH-
TYBAHHIO BiJIIOBITHAX CHPOIIEHUX MOJEIICH.

O0'exT i MeTOAM OCHiIKEHHA. 3aCTOCOBYIOUN OCTaH-
Hill MeTox, y wili poOOTI MPOBENEHO CHCTEMaTHYHE BHBE-
JIeHHS ¥ OOTpYHTYBaHHS TUCUIATUBHOI Mozeni. [t mboro
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Ha OCHOBI JliHeapu3oBaHMX piBHAHL Has'e-CTokca mis
CTHCJINBOI PIAMHU 3HAXOIATHCS EJIEMEHTAapHI PO3B'SI3KH
LUX PIBHSHB, 110 BiJIOBIIAIOTh XBHIBOBUM PyXaM PiIMHH
B HaNpsIMKy Oci TpyOu. BBiBIIM neBHI mpumyrieHHS Hpo
NopsiAKK (pi3MYHMX BEIWYMH 1 MapaMeTpu pO3B'SA3KIB Ta
3aCTOCOBYIOYH ACHMITOTUYHHUH aHalli3, HPOBOISTHCS CIIPO-
IIEHHS [IMX €JIeMEHTAapHUX PO3B'sA3KiB. HabmmxeHi po3s's3-
KM, II0 OTPUMYIOTHCSI BHACIIJOK TAKOTO aHaJIi3y, BUKOPHC-
TOBYIOTHCS SIK €JI€MEHTApHI PO3B'SI3KM BiANOBIIHOI AMCHTIa-
tuBHOI Mojeni. CTae 3po3yMuInMM, IO JTUCHIIATHBHA MO-
JIeNlb TPYHTYEThCS Ha [BOX MPUIYIIECHHSAX PO MOPSIKU
po3B's3kiB piBHAHE HaB'e-CTOKCa CTOCOBHO 4Yacy Ta OChO-
Boi KoopauHaTH. IIpy boMy HisIKi NPUITYIIEHHS OO I10-
PAIKY BEIMYMHHA KOMITOHEHTIB IIBUIKOCTI HE BUBOSTHCS.

Pe3yabTaTn nociigxenns. Po3risHeMo BUNAAKU Hec-
TUCJIMBOI PiJIMHU 1 BUBEAEMO [UIA HEl MaTEeMaTHIHy MOJIEITh
JUTSL OITUCY HU3BKOYACTOTHHUX PO3B'SA3KIB, BUXOSIUH 3 JiHE-
apm3oBaHUX piBHAHH HaB'e-CTOKca i HEPO3PHBHOCTI IS
0CECHMETPHUYHHX PYXiB:

aal;r _?+,u(vzvr vrj+% ? ()

P20+ L _g ) 3)

o . 6@1: % 5@1: 4)
) ag Ao aﬂ ()

Jie: V., V, — CKJIaIOB] MIBUAKOCTI B HANpsIMKY oceil z, r; p —
TUCK; p — TYCTHHA PIAMHY; U — KOeQilieHT B'A3KOCTI; ¢ —
LIBHIKICTB 3BYKY B PiJIWHI; f — yac.

[epetinemo 10 6e3p0o3MipHUX KOOPIHMHAT &, #, T Ta 0e3-
PO3MIPHHX 3MIHHHX U, Uy, 3, ¢ TAK:

£ (6)
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U v T pu?
ne: R — paniyc Tpyou; U — HOpMyroda IBHIKICTE.

VY HoBux 3MiHHUX piBHAHHSA (1)-(3) 1 CHiBBiAHOIIEHHS
(4), (5) HaOyBaroTh BI/IFJ'IH,HYZ
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Posrissnemo wactuHHI po3B's3ku cuctemu (8)-(11) y
BUTTISI
ue =Ue @), uy =U, e @*9 , 9= e,

q=0(me' ). (14)

[MincraBnaroun Bupas (13) B piBusauA (8)-(11), orpu-
MyeMO 171 BU3HaueHHs QyHkuii Uz, Uy, 0, O cuctemy:

(V2 —iwp)Us +ik O —%ik@ -0, (15)
VU, (—+za)ﬁ)U /idQ 146 _. (16)
3dn
0+ivQ =0, (17)
o= 1y i, (18)
dn 7
BBCHCMO TaKEC ITO3HAYCHHS
~ 2
=L 14 o (19)
dn® ndn

3a nHectucnuBocTi B piBHAHHAX (8)-(12) HeoOXimHO
HMPUNAHATH:

9=0. (20)
BingnosiaHo cuctema (15)-(18) mae Bursiz:
(V2 —iwp)Us +ikpO =0, 21)
{ (7 " zwﬁ)}U -p<2 Q (22)
5;"7 Ly, kv =0. 23)
non
3 piBusHb (21)-(23) BummBae, mo
{%2—(lz+iwﬂ)}{%2—12}u, =0. (24)
n n

Po3B's130k piBHsAHHSA (24), sike € KiHneBuM npu # = 0,
MAa€ TaKOoXX BUIJISN

Uy = BiJi(Cm) + BoJ\(Canp) - (25)
e TeTep: Cl=-k>-ipw, (26)
2=k, 27)

3 piBasaHHS (23) i cniBBigHOIEHHS (25) BUXOIUTSH, IO
KOMITOHEHTA IBUJKOCTI Uz Ma€ TaKOXK BUIIIA]

Ug = AJo(Cim) + AJo(Can) (28)
MIPUYIOMY, B I[HOMY BUTIAJIKY Y CITiBBiHOIICHHIX
Bi=md , By=m4,, (29)
OTPiOHO B3STH my = ik m ik (30)
p 1 G’ 2= G
3 rpaHUYHUX YMOB IpH 77 = 1
Us=0, U, =0. (31)
Otpumyemo: AJo(Cy) + A Jo(C2) =0, (32)
mAJ\(Cr) + myArJ(C2) =0. (33)

Jla Toro, mo6 cuctema (32), (33) mana po3B's3ky, Io-
BHHHO 33JJ0BOJIbHATHCH XapaKTEPUCTHYHE PiBHIHHS
mJo(Co)J(Cy) — maJo(C)JI(C2) =0 . (34)
SIKIIO po3rIIAAaTH TIIBKM HU3bKOYACTOTHI PO3B'SI3KHU Ta
BBECTH IPHITYICHHS:

Bl 51 abo |8 >>|a, (35)
®
|wp] (36)
TO criBBiHOIIEHHS (26, 27, 30) HaOyBaIOTh BUITIAY:
Ct=-ipo, C3=-k* 37)
ik
Ta MIZIEI’ nmy =1 (38)

BinmoBimHO KOMIIOHEHTH IIBHIKOCTI, THCKY 1 Xapakre-
PUCTHIHOTO PIBHSHHS MAIOTh BUTIIS;
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Ug = Ai[Jo(Cmp) = Jo(CD] (39)

U, = ikd 1[Jl(Cﬂ?) _ Jo(Cl)ﬂ} ’ (40)
J1Cy 2
0--22(C. (41)
k[2J(C) - CJo(C)] =0 . (42)
3 piBHsAHHSA (42) BUIUINBAE, 1110
k=0. (43)

3 orysny Ha piBHICTD (43) 13 criBBigHOmEHHS (40) oT-

pUMY€EMO, L0
U,=0. (44)

3Bizcu 6ayMMo, MIO Yy BHIAJKY HECTHUCIUBOI PiIWHH
NP BUBEJIEHHI CIIPOLIEHOI MoJjeNi mpunymeHHs U, =0 €
LJIKOM OOTPYHTOBAHUM.

SIkmo BpaxoBYBaTH MOPSIOK CKJIAJ0BHX B PIBHAHHI
(21)-(23) 3a cmiBBigHomenusmu (35), (36), (39), (44), ix
MOXHa CIIPOCTUTH 10 BUTILLY:

d—2+ii—iwﬁ Us+ikpQ=0 (45)
dn*  ndy : -

9 _ . (46)
dn
BinanosinHe BUXifHE PIBHSIHHS IS ONHACY PYXY HECTHC-
JUBOI PIAVHU B NWIIHAPUYHIA TpyOi Mae 3araabHOBIIOMUIA
BUTJISI

2
Ofug  10us %_Ig@:()' (47)
on* non or o0&
TyT nonmyckaeTbes, WO
9 _y. (48)
on

OOroBopeHHsi OTPHMAaHHX pe3yJabTaTiB. Po3B's30k
PIBHAHB Ul ONHCY PyXy HECTHCIMBOI PIJVUHU B IMJIiH-
Jpu4Hiil TpyOi, BUKOPUCTOBYIOUM MOJEND i3 BpaxyBaHHSIM
JICHUIIATUBHMX MPOLECIB Tedii B'I3KO0I PiIMHH, Jajl0 3MOTY
OTpPHUMAaTH PO3TO/LT IOMIB IIBUAKOCTEH 13 33/I0BIJILHOIO TT0-
XHOKOIO JUTS IHPKEHEPHUX PO3paxyHKiB.

[TpoBeneHi ekcriepruMEHTANIBHI JIOCHIPKEHHST HeycTale-
HUX MOTOKIB [15] pigvHu B MMITIHAPUYHUX TPYOOIIPOBOAAX
JIaJId 3MOT'Y OTPUMAaTH PO3MOAIN MIBUAKOCTEH, K ITiATBEp-
JTAITA BIATIOBIIHICTH OTPUMAHUX PO3PAXYHKIB Ha OCHOBI JTU-
CHUITaTHBHOI MOZEJII.

BusHaueHO MEpCIEKTUBHI HAMpSIMH JOCIHIHKEHB, SKi
YMOJIMBIISITH TTOJAJIBIINA PO3BUTOK IPOIIOHOBAHOTO IIij-
XOAY JUISl BAYKIIMBHX TPAKTHYHMX 337a4.

BucnoBku. Po3B'sa3aHo 3amady HEyCTaleHUX PYXiB pi-
JIUHA B TpyOax sl BU3HAYEHHS PO3NOALTY IIBHUAKOCTEH
pianHN B mepepizax TpyOOIpoBOLY B OCHOBOMY Ta paii-
aJBHOMY HaIpsIMKax. 3amnporoHOBAaHO YIOCKOHAJICHY Me-

TOJMKY PO3PaxyHKy HEYCTAJCHHUX IOTOKIB /IS HECTHCIIH-
BOI PiIMHU HA OCHOBI JWICHIIATHBHOI MOeli. 3'SCOBaHO,
0 B [[bOMY BHIIAJKy MPUITYIIEHHS PO HEXTYBaHHS KOM-
MIOHEHTOI0  pajiaibHOl IIBHAKOCTI € aCHMITOTHYHO
00TpYHTOBAaHUM.

Bukopucrana Mozenp i3 BpaxyBaHHIM JUCHIIATUBHUX
MpoLeciB Tedii B'I3KOI piAMHH, Ky JOCIDKYBaJIH Bapi-
aIlifHUM METOJIOM 3 ypaxyBaHHSM ITOYaTKOBHUX 1 I'paHHY-
HUX YMOB, Ja€ 3MOI'Y OTPHMaTH PO3IOJIUT TOJIIB IIBUIKOC-
Teil. HaBeneHO HM3BKOUACTOTHI PO3B'A3KM piBHAHL Has'e-
Crokca Ut CIIpOIIEeHOi MOJesi HECTUCIIUBOI PLANHH.
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MATHEMATICAL MODEL FOR THE STUDY OF UNSTEADY FLOWS

OF AN INCOMPRESSIBLE FLUID IN PIPES

The authors have analysed some scientific works on solving problems of non-stationary movement of fluid in cylindrical tubes. It
has been established that when solving problems of unsteady fluid motions in pipes, it becomes necessary to determine fluid velociti-
es in pipeline sections both in axial and radial directions. Classical methods for solving this problem do not give satisfactory results.
The purpose of the research is to improve the method of calculating unsteady fluid flows based on a dissipative model. The studies
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used a model with allowance for dissipative flow of a viscous fluid, which was studied by the variational method with regard to the
initial and boundary conditions. The object of the research is hydraulic processes in unsteady viscous fluid flows in a cylindrical pi-
peline. The paper proposes an improved method for calculating unsteady flows for an incompressible fluid based on a dissipative mo-
del. We have found that in this case the assumption that the radial velocity component is neglected is asymptotically justified. Low-
frequency solutions of the Navier-Stokes equations for a simplified model of an incompressible fluid are given. The dissipative mo-
del is based on two assumptions about the order of the solutions of the Navier-Stokes equations for time and axial coordinate. In this
case, assumptions about the order of magnitude of the components of speed are not displayed. The solution of equations for descri-
bing the motion of incompressible fluid in a cylindrical tube using a model concerning the dissipative processes of the viscous fluid
flow allowed obtaining the distribution of velocity fields with a satisfactory error for engineering calculations. Prospective areas of
the research were identified. These areas would enable further development of the proposed approach for important practical tasks.
Keywords: unsteady; non-stationary; fluid motion; dissipative model; velocity distribution.
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