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THERMAL 3D MODEL FOR NON-HOMOGENEOUS ELEMENTS IN MOBILE DEVICES 

A mathematical model for the analysis of heat exchange between the environment and an isotropic space layer with an alien 
inclusions is developed, which is heated by a heat flux centered on one of the boundary surfaces. For this purpose, using the theory of 
generalized functions, the coefficient of thermal conductivity of this structure is depicted as one unit for the whole system. In view of 
this, instead of two equations of thermal conductivity for the layer and the inclusion and conditions of perfect thermal contact on the 
surfaces of the junction between them, one equation of thermal conductivity was obtained in the generalized derivatives with bre-
aking coefficients. We consider the case when the inclusion sizes are small compared to the distances from the inclusion surfaces to 
the boundary surfaces of the layer. In this connection, the combined thermophysical parameters were introduced and the thermal co-
efficients of the thermal conductivity equation were transformed into singular ones. For the solution of the boundary value problem 
of thermal conductivity containing this equation and boundary conditions on the boundary surfaces of the layer, an integral Fourier 
transform was used and, as a result, an analytical solution of the problem in the images was obtained. The inverse integral Fourier 
transform was applied to this solution, which made it possible to obtain the final analytical solution of the original problem. The 
analytical solution obtained is presented as a non-native double convergent integral. To determine the numerical values of the tempe-
rature in the above design, as well as to analyze the heat exchange between the layer and the environment caused by different tempe-
rature regimes due to the heating of the inhomogeneous layer by a heat source concentrated in the area of inclusion, computational 
programs have been developed. Using these programs, graphs are displayed showing the behavior of curves constructed using nume-
rical values of the temperature distribution depending on the spatial coordinates for different inclusion materials. The obtained nume-
rical values of temperature indicate a significant influence of the inclusion on its distribution in the design "layer-inclusion". The 
software also makes it possible to analyze these inhomogeneous media with respect to their heat resistance during heating. As a con-
sequence, it becomes possible to raise and protect it from overheating, which can cause destruction not only of individual elements, 
but also of the whole structure. 
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Introduction. Composite materials play an important 
role in the production of modern mobile devices, the creati-
on of which is one of the leading problems in materials sci-
ence. The emergence of new such materials with improved 
performance physical and mechanical properties will 
contribute to the creation of new technologies in aviation, 
space, shipbuilding, energy, electronics, mechanical engine-
ering and transportation. Composite materials have an im-
portant role in film materials with foreign inclusions, which 
are widely used in the design of mobile devices. 

Because during the operation of the devices their indi-
vidual elements are subjected to different temperature influ-
ences, it is important to determine the temperature fields. 
This makes it possible to create mathematical models of he-
at transfer and to solve them on the basis of boundary value 
problems of mathematical physics, since experimental me-
asurements are practically impossible here. 

Analysis of literature sources and statement of the 
problem. Determination of temperature regimes both in ho-
mogeneous and in non-homogeneous structure attracts at-
tention of many scientists (Carpinteri & Paggi, 2008; Yan-
gian & Daihui, 2009). 

In the paper (Ghannad & Yaghoobi, 2015), an analyti-
cal-numerical solution of the axiallysymetric problem of 
thermoelastisity for a thick-walled cylinder under the action 
of heat flux with arbitrarily set boundary conditions. The 
obtained solution enables us to make analysis of the influ-
ence of thermal and mechanical loadings on thermo dyna-
mic behavior of the cylinder. 

A one-dimensional stationary temperature problem and 
a mechanical problem have been solved, and relationships 
for determination of thermal and mechanical loadings in a 
hollow thick-walled sphere are presented. The distribution 
of temperature is depicted by means of a function of radial 
coordinate for the given general thermal and mechanical 
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boundary conditions at inner and outer surfaces of the sphe-
re (Jabbari, Karampour & Eslami, 2011). 

In the paper (Bayat, Moosavi & Bayat, 2015) a non-station 
of problem of heat conduction and thermoelasticity for functi-
onal-gradient thick-walled spheres is solved. Thermophysical 
and thermoelastical parameters of materials, except Poisson's 
ratio are arbitrary functions of radial coordinate. 

Axially symmetric stationar problem of heat conduction 
and thermoelasticity for hollow functional gradient spheres 
with respect to the heat source is considered. Solution in the 
form of functions of spatial coordinates for temperature, for 
components of the vector of displacement, and for the ten-
sor of stresses are obtained with the use of boundary condi-
tions with respect to radial and angular coordinates (Mo-
hazzab & Jabbari, 2011). 

Methods of solving linear boundary-value problems of 
heat conduction for homogeneous and layered 2D media 
with heat-active inclusions have been developed. Series of 
constructed mathematical models for determination of tem-
perature fields in such media is presented. Ways of lineari-
zation of nonlinear boundary value problems of heat con-
duction in thermosensitive piece-wise homogeneous media 
are suggested; mathematical models of analysis of tempera-
ture regimes for linearly variable with respect to temperatu-
re coefficient of heat conductivity in the systems are pre-
sented (Gavrysh & Fedasjuk, 2012). 

A mathematical model for determination of temperature 
field which is caused by thermal heat flux in a thermosensi-
tive 2D medium containing a through inclusion is given 
(Havrysh, 2017). 

Our review of main literature sources has indicated that 
models which take into account piece-wise homogeneous 
structure and thermosensitivity remain poorly investigated 
and undeveloped. Since the structures are subjected to the 
temperature influences, in certain temperature ranges the 
influence of thermosensitivity on results of calculation of 
temperature fields becomes to be considerable. This leads 
to development of nonlinear models of the process of heat 
conduction and to their analysis, since the solutions of the 
problems which correspond to this models are more accura-
te than the solutions of corresponding linear boundary value 
problems. Calculation of temperature fields in such systems 
are further used for designing of complicated systems with 
the aim of thermostability. Precision of this calculation 
influences the effectiveness of the methods which are used 
in the course of designing. 

Object of investigation and mathematical model. The 
3D medium represented by isotropic layer which contains 
parallelepiped shaped inclusion whose volume 

0 08 2V hbd dS= =  is considered. At one of the layer's surface 

( ){ }, , : ,b bK x y d l x y= − − < ∞ < ∞ , there is a concentraited 

heat flow whose surface density is equal to 0q const= , and 

the other surface ( ){ }, , : ,n nK x y d l x y= + < ∞ < ∞ , there are 

given the conditions of convective heat exchange with the 
external medium at the constant temperature of ct const=  
(fig. 1). The presented structure is referenced to the Cartesi-
an coordinate system ( , , )x y z  whose origin O  is located at 

the center of the inclusion. At the surfaces of the inclusion, 
there exist conditions of ideal heat contact (fig. 1). 

 
Fig. 1. Isotropic layer with inclusion 

To determine the stationary temperature field ( ), ,t x y z  

in the represented non-homogeneous medium, the equation 
of heat conduction is used 
 ( ), , ( , , ) 0.div x y z grad x y zλ θ  =   (1) 

Where ( ) ( ) ( ) ( ) ( )1 0 1, , , , , ;x y z N x h N y b N z dλ λ λ λ= + −  (2) 

( , , ) ( , , ) ;cx y z t x y z tθ = −  ( ) ( ) ( ), ;N S Sζ η ζ η ζ η= + − −  1 0,λ λ  

are the coefficients of thermal conductivity for the materials 
of the layer and of the inclusion, respectively; 
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The boundary conditions are of the form: 
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where nα  is the coefficient of heat removal from the boun-
dary surface nK  of the layer; 

 ( ) ( ) ( )0, , , .Q x y q N x h N y b=  (4) 

Let us assumed that the size of the inclusion are small in 
comparison with the distances bl , nl  from its boundary sur-

faces ( ){ }, , : ,x y d x h y b±Π = ± ≤ ≤  to the boundary surfaces 

,b nK K  of the layes. Let us introduce the reduced heat con-
ductivity 0 0 0VλΛ =  of the inclusion, reduced surfaced den-
sity 0 0 0Q q S=  of the flow; and then let us take limit in the 
expressions (4) for 0, 0, 0;h b d→ → →  0Λ  and 0Q  being 

constant and the known limit 
0

( , )
lim ( )

2

N
η

ζ η
δ ζ

η→
=  being used. 

As result we obtain 
 ( ) ( )1 0, , , ,x y z x y zλ λ δ= + Λ , (5) 

 ( ) ( )0, ,Q x y Q x yδ= . (6) 

Here ( , , )x y zδ  is the Dirac delta function. 
Though the local non-homogenity of the layer is descri-

bed by the relationship (4), which contain Dirac delta 
function, are formaly concentrated in the origin of the coor-
dinate system, however, it is characterized by finite dimen-
sions which are related with the volume 0V . Thus, with the 
help of the expression (5) the finite dimensions of the inclu-
sion are effectively taken into account. 
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Having substituted the expression (5) into the relati-
onship (1), we obtain the equation 
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∂ ∂ ∂
 is the Laplacian operator in Cartesian 

rectangular coordinate system. 
Using the template. By means of the application of the 

integral Fourier transformation with respect to the coordina-
tes x and y to the equation (7) under the conditions (3) and 
with taking into account the relationship (6), we obtain the 
following boundary value problem: 
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The equation (8) is solved by means of the method of 
variation of constant; and as result, it general solution is ob-
tained in the form 

 1 2 2( ) ( ).z zz c e c e P ch z S zγ γθ γ−= + +   

The boundary conditions (9) have been used for deter-
mination of the constants 1,c 2c  of the integration and the 

partial solution of the problem (8), (9) has been obtained 
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The inverse integral Fourier transformation has been 
applied to the relationship (10). As result of this, the 
expression for the determination of temperature has been 
found 
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where ( ) ( )
1

2 2n
n b n bsh d l l ch d l l

α
γ γ γ

λ
∆ = + + + + +  has been 

obtained. 
Thus, the unknown temperature field in a spatial medi-

um with a heat-active inclusion is expressed by the formula 
(10). It enable us to develop algorithms and calculative 
programs for analysis of temperature regimes in elements 
or in individual assemblies of microelectronic devices, 
which can be geometrically describe by means of such 
structure. 

Results of numerical calculations. For the case of ther-
moactive inclusion (in the region of inclusion evenly distri-
buted internal heat sources), numerical calculations of the 
distribution of the loss temperature ( , , )x y zθ  depending on 
the spatial coordinate for 0x z= =  are performed. The ma-
terial of the layer was chosen ceramics VK94-1, and the 
inclusion material – silver (curve 1), aluminum (curve 2) 
and silicon (curve 3) (Fig. 2, a). As can be seen from the 
graphs, the inclusion material significantly affects the tem-
perature distribution in the "layer-inclusion". 

 
Fig. 2. Temperature ( , , )x y zθ  dependence on the spatial coordinate y 

Fig. 2,b illustrates the change in the loss temperature 
( , , )x y zθ  from the spatial coordinate for 0x z= =  in the 

construction "ceramics VK94-1 – silver" (curve1) and for 
the average value of the thermal conductivity coefficient of 
these materials (curve 2). The results of the calculations in-
dicate that averaging the thermal conductivity coefficient 
for the structural materials of the system leads to a signifi-
cant error. 

Conclusions. Using the generalized functions and the 
Fourier integral for a spatial isotropic layer with inclusion 
and heat transfer, which is heated by heat flux, an analytical 
solution of the boundary value problem of thermal conduc-
tivity is constructed, the differential equation of which con-
tains discontinuous and singular coefficients. This solution 
is given as a non-native double convergent integral. An al-
gorithm and a calculation program for determining the tem-
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perature field at an arbitrary point of a layer with thermoac-
tive inclusion have been developed. On this basis, the nu-
merical values of the temperature field were obtained, using 
which graphs were displayed depicting curves illustrating 
the change of temperature depending on the spatial coordi-
nate for the specified inclusion materials. As can be seen 
from Figure 2 the inclusion materials significantly affect 
the temperature distribution in the above design. This ma-
kes it possible to analyze heat exchange in inhomogeneous 
media with inclusions regarding their thermal stability du-
ring heating and to protect them from overheating, which 
can cause destruction not only of individual elements, but 
of the whole structure. 
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ТЕПЛОВА 3D МОДЕЛЬ ДЛЯ НЕОДНОРІДНИХ ЕЛЕМЕНТІВ У МОБІЛЬНИХ ПРИСТРОЯХ 

Розроблено математичну модель аналізу теплообміну між навколишнім середовищем та ізотропним просторовим шаром 
із чужорідним включенням, який нагрівається тепловим потоком, зосередженим на одній із межових поверхонь. Для цього, 
з використанням теорії узагальнених функцій, коефіцієнт теплопровідності цієї конструкції зображено як єдине ціле для 
всієї системи. З огляду на це, замість двох рівнянь теплопровідності для шару і включення та умов ідеального теплового 
контакту на поверхнях стикування між ними отримано одне рівняння теплопровідності в узагальнених похідних із розрив-
ними коефіцієнтами. Розглянуто випадок, коли розміри включення є малими порівняно з відстанями від поверхонь вклю-
чення до межових поверхонь шару. Тому введено зведені теплофізичні параметри і розривні коефіцієнти рівняння теплоп-
ровідності переходять у сингулярні. Для розв'язування крайової задачі теплопровідності, що містить це рівняння та крайові 
умови на межових поверхнях шару, використано інтегральне перетворення Фур'є і внаслідок отримано аналітичний 
розв'язок задачі в зображеннях. До цього розв'язку застосовано обернене інтегральне перетворення Фур'є, яке дало змогу от-
римати остаточний аналітичний розв'язок вихідної задачі. Отриманий аналітичний розв'язок подано у вигляді невласного 
подвійного збіжного інтегралу. Для визначення числових значень температури в наведеній конструкції, а також аналізу теп-
лообміну між шаром та навколишнім середовищем, зумовленим різними температурними режимами завдяки нагріванню не-
однорідного шару джерелом тепла, зосередженим в області включення, розроблено обчислювальні програми. Із використан-
ням цих програм наведено графіки, що відображають поведінку кривих, побудованих із використанням числових значень 
розподілу температури залежно від просторових координат для різних матеріалів включення. Отримані числові значення 
температури свідчать про значний вплив включення на її розподіл в конструкції "шар-включення". Програмні засоби також 
дають змогу аналізувати такого роду неоднорідні середовища щодо їх термостійкості під час нагрівання. Як наслідок, мож-
ливо її підвищити і захистити від перегрівання, яке може спричинити руйнування не тільки окремих елементів, а й всієї 
конструкції. 

Ключові слова: теплова 3D модель; температурні режими; теплопровідність; температурне поле; чужорідне включення; 
ідеальний тепловий контакт. 


