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METO/J TEHEPYBAHHA ITOC/JAIA0BHOCTI MOJJUPIKOBAHUX
INOJIIHOMIAJIBHUX MATPULIb ®IBOHAYYI

HaBezneHo 0co0nMBOCTI TeHEpyBaHHS 71-01 MOCIHIITOBHOCTI MOM(IKOBaHHX TTOJIHOMIaNBHUX MaTpullh Pi0oHaTdil m-ro MOpsAKY,
eneMeHTaMHt kuXx € noniHomu Pibonayui He Buiue (2(m—2)+n)-ro HoMepa, sIKi JAF0Th 3MOTY 3HAXOJIUTH SIK iXHI BU3HAYHUKH, TaK i
0o0OepHEeHI MaTPHIli, TPUIATHI AT MATPUYHOTO IMU(PPYBaHHS OJIOKOBUX AaHUX. 3'ICOBAHO, 1[0 HABITh 3@ OCTAHHE JCCATUIITTS HAAPY-
KOBAHO 3HA4YHY KiUIBKICTh MyOiKalliid, B KOKHIN 3 SIKUX 0OIPYHTOBAHO Pi3Hi MiIXOIH SK 10 FeHepYBaHHS MTOCTiOBHOCTEH ITOIIHOMI-
abHUX MaTpuipb PiOOHAYYi, TaK 1 IOBEJEHO MOLUIBHICTh IX BUKOPUCTAHHS Ul N(PyBaHHs OJIOKOBUX JaHUX. BeTaHOBIEHO, 110
3aCTOCYBAaHHS TAKMX MATPHIb SIK OKPEeMOi MPOLEAypH UL 3aXMCTy OJIOKOBHX JAHMX y Teopii Ta MpakTuui kpunrorpadii Tparm-
TSETHCS BKpal pinko. [IpoaHanmizoBaHO MOCIIZOBHOCTI MOJIiHOMiaNbHUX MaTpuls PiboHaudi Bif 2-T0 A0 5-TO, 3TiTHO 3 SKUM BUSB-
JICHO HEJONIKH y TPAJULIHHOMY MiIX0/Ai 10 (OPMYBaHHS CTPYKTYPH €IEMEHTIB TAKHX MATPUIlb, HacaMIepe KibKocTi (k) pisHuX ii
€JIEMEHTIB, IKUMH € TroiiHoMu PiboHawui He BumIe (n—1)-ro crenens. Beranosneno, mo mst Matpunb Pibonaudi Oy b-SKOTr0 MO-
psnKy (m) Takux pizHEX nomiHoMmiB @i6oHawUi Oyze BChOro k = 3, CTPYKTypa SIKHX 3aJIeKaTUMe TITBKHU BiJl HOMepa (71) TI0CTiJOBHOC-
Ti noiHoMianbHOT MaTpuili PiboHayyi. Taka He3HAUHA X KUTBKICTh € HE TUTBKHA MaJOiHPOPMATHBHOO Ta MPO30POO ISl KPUIITOAHA-
JiTHKa, ane i He CTIMKO0 1010 KpHnToaHalizy. MoaudikoBaHO CTPYKTYpy €IE€MEHTIB MoJiHOMIadbHUX MaTpuupb DiboHaYUi, Killb-
KICTb SIKUX B)KE 3aJI€XKUTh Bifl MOPSIAKY MaTpuii (m) i CTaHOBUTS k,, = 2m—1. Po3po0iieHo MeTo/1 reHepyBaHHsI MOCIiIOBHOCTI MOAH-
¢ikoBanux moniHoMianpHUX Marpuis Di-O0Haudi, KUl MOJATa€ y BUKOPHCTAHHI PEKYPEHTHOrO MATPUYHOTO CITiBBIIHOILICHHS,
3riJIHO 3 SKHMM HACTYIHY IHOJIIHOMiaJbHy MATPHIF0 YTBOPIOIOTH LIISIXOM MHOXKEHHS 3MIHHOI X MOCIIZOBHO Ha €JIEMEHTH MOTOYHOI
MAaTpHIIi, 3AIHCHIOIOTH T0JaBaHHS €JIEMEHTIB YTBOPEHOI MaTPHIIi IO €IIEMEHTIB MOTEPEeIHbOT MATPHIIi, IMICIIA YOTO B YTBOPCHUX €J1e-
MEHTax IPYIyIOTh yci CXOXi gomaHkd. HaBemeHO anropuTMH yTBOPEHHS IOCITIZOBHOCTI 3 8-MH MOJTIHOMIiaJbHUX MOIU(IKOBAHUX
MaTpuipb Pi0oHaYYl BijT 2-T0 10 5-TO MOPSAKIB, €IEMEHTAMH SKHX cTaid noixinomu Pidonaudi He Butie (2(m—2)+n)-ro HOMepa, o
JIJIO 3MOTY ITPOAHATI3yBaTH HE TLTBKH OCOOIUBOCTI TXHBOT MOOY/10BH, ajie i YCBIIOMUTH BiIMOBIIHI MPOLIEAYPH 3HAXOKCHHS IXHIX
BU3HAYHUKIB i 00EPHEHNX MaTpHIb. BUsBIEHO, 110 3aIIPOIIOHOBAHA CTPYKTYpPa €JIEMEHTIB 71-0i TOCTiJOBHOCTI MOH(IKOBAaHHUX MOJIi-
HOMiaJIbHUX MaTpulb PiOOHaYYi 7-r0 MOPAAKY M€ LiKaBy BIACTUBICTb, 3TiHO 3 AKOI MOYKHA YHUKHYTH BUKOPHCTAHHS PEKypEH-
THOTO MaTPUYHOTO CITiBBiHONICHHSI, @ FeHePYBATH BiIMOBIIHI MONiHOMIia-IbHI MaTpuii DiboHaudi TiNBKH 32 HOMepamHu (m+n—2—)-
o mocmiIoBHOCTI MoiHOMiB Di00HAYY1, KOHKPETHI 3HAYCHHS SKUX 3aJeXkKaTh BiJ MICIS IXHBOTO PO3TAlIyBaHHS B MaTPHII Ta HOME-
pa i croBrms, a came Vje [0+(m—1)]. Po3pobieno I13, sike 1ae 3Mory reHepyBaTtH SIK MOCIiIOBHOCTI MOAM(DIKOBAaHUX MOTiHOMIab-
HuX MaTpunpb PiGoHAYU] m-TO MOPSIKY, TaK 1 3HAXOAUTH IXHI BU3HAYHUKH Ta OOUHCIIIOBATH OOCpPHEHI TOTIHOMIANbHI MAaTPHIIi aHa-
noriyHoro mopsAky. HaBeneHo mpukiag 3acTOCYBaHHS MaTPUYHOTO METONY IU(PPYBaHHS OJOKOBUX NAaHUX MOIH(IKOBAHOIO IOIi-
HOMiaJbHOI0 MaTpHIero PiboHawi, 10 Jae 3MOTy 3allikaBIeHOMY YHUTady 3pO3yMiTH OCHOBHUH MPUHITHIT IH(PYBAHHS SIK T0YATKO-
BOTO TTOBIJJOMJICHHS, TaK 1 po3MIH(pyBaHHS 3aMIA(POBAHOTO TTOBIJOMICHHS.

Knrouogi crnosa: nocninouicts noninomis @idoHauyi; peKypeHTHE MATPHIHE CITIBBITHONICHHS; MEXaHi3M yTBOPEHHS OCIIi10B-
HocTi MaTpuis PiboHavui; obepHeHa moiHoMianbHa MaTpuisd PidoHaydi; 3ammppoBaHe MOBITOMICHHS; MAaTPHYHUH METOA IIHd-
PYBaHHS JaHHX.

HOCTI TOJIIHOMiaThbHUX MaTpuipr DiOoHaUUi, eleMeHTaMu
SKuX € moninomMn @i0oHaYdi Ta IXHI Pi3SHOMAaHITHI aHAJIOTH,
3a OCTaHHI JEKUIbKa NeCATHIITh X04a i TPAIUIAIOTHCS Yac
BiJ 4acy y BIKPHTOMY IPYIli, OHAK BOHM 3HAYHO MEHIIIE

Beryn / Introduction

Panime Tak 3BaHi nosiHomiaibHi Matpuili Oi0oHauvi He
MaJlil IIUPOKOI MOITYJISIPHOCTI Yyepe3 IpOMI3JIKi MaTeMaThy-

Hi BUKJIAIKH Ta 3HAYHI BUTPATH OOYMCIIOBAIBHUX pecyp-
ciB. OnHak, mporpec iHGOPMALITHNX TEXHOJIOTIH MOCTIPHSIB
ToMy, o Taki Marpumi PiboHaddi Ta pi3HOMAHITHI iXHI
MomudiKalii MoYaal 3aCTOCOBYBATH B PI3HUX O00JACTIX
3HaHb [57], BpaxoByouM ¥ mmdpyBaHHS OIOKOBHX JaHUX
Hacamriepes MaTpuaHuM MetonoM [33]. Ummarna KiNbKicTh
JIOCTI/KeHb MO0 OCOONMBOCTEH TE€HEepyBaHHS MOCIHITOB-

IH$opmaia npo aBToOpiIB:

JIOCTI/KEHI, HiK Tak 3BaHi Marpuni ®@i0oHaqdi, eIeMeHTa-
MU SKHX € pi3HOMaHiTHI yncia @ibonaudi. Hampukman, y
poGoti [21] pospobneno Q' -marpumro PiGoHaudi po3Mi-
poM mxm, exemeHTamMu Kol € noniHomu didonayui (n—1)-
TO CTEIeHs 1 MEHIIEe, a TaKOX JOCIIIPKeHO OCHOBHI 11 Biac-
TUBOCTI. Y podori [39] aBTopu HaBenu Q) (x)-marpuio Di-
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OoHauui, eJIEeMEHTaMHU SIKO1 € mojiiHoMu PiboHauyi n-ro cre-
TICHS, 10 y3aralbHIOITh O-MaTpuilio @idoHaudi, TOpomKe-
HY BiINOBiTHUMH ynciIaMu. ABTopu podotn [38] posrisga-
10T MaTpumio [Tackais Ta BU3HAYAIOTh HOBE y3aralbHEHHS
nosiHoMiB @i6oHaYHi, SKi OyJI0 Ha3BaHO (p,q)-TOTIHOMAMHU
®dibonauui. Y poboti [27] HaBeleHO METO]| FeHEepyBaHHS
MOCJTIZIOBHOCTI TMOJIIHOMIajbHUX MaTpuib PiOoHaudi m-T0
MOPSIIKY, €IEeMEeHTaMU sKUX € mojiiHomu DiboHauui He
ounbmie (n—1)-ro cTeneHs, SIKUid Ja€ MOXIIUBICTh 3HAXOTH-
TH SIK IXHI BU3HAYHHKH, TaK i 0OEpHEHI MaTpUIi, IPUIATHI
JUISl MATPUYHOTO METOY MH(pyBaHHS OJIOKOBUX JIaHHX.
BopHouac, unMana KimbKiCTb JOCIHIIKEHb CTOCYETHCS
PI3HUX MiAXOMIB 10 TEHEPYBAHHS MOCIITIOBHOCTI MOTIHOMI-
anpHUX MaTpuilh ®i0oHAYUI, a TAKOK 0COOIMBOCTEN TXHBO-
IO BUKOPHCTAHHS U IU(pyBaHHs OJOKOBUX NaHuX. Har-
puKnaz, y pooorti [46] po3pobiaeHO HOBHUI Kilac KBaJpaTHUX
0,,(x) -Marpunp ®ibonaqdi (n—1)-ro crenens Ta pm-To no-

psnKy Ui muQpyBaHHS JaHUX, €IEMEHTAMH SIKUX € TOJi-
Homu Didonaudi. Y poborti [10] aBropu mokasanu, 1o, 3a
YMOBH TIPaBWIBHOTO BUOOPY MOYATKOBHUX WIEHIB MOJIIHOMA
Ut (m,f)-po3IIMPEeHHS Horo p-unciamMu @i0oHaY4l, MOXKHA
3aCTOCYBaTH IpoUeAypy WH(PyBaHHS AAHUX 3 BUKOPHC-
taHHaM G, ,, ~Matpuni @idoxaydi. Y poborti [8] 3amporo-
HOBAaHO HOBY TeOpio mMH(PyBaHHS TaHWX 3 BUKOPHCTAH-
HSM y3araJbHEHUX 1-KpOKOBUX MojiiHOMiB diboHaudyi, Ha
IIJICTaBl SIKMX BU3HAUEHO HOBHH KJac KBaapatHOl M), ,(x)-
MaTpHLi /7-T0 TOPSAKY Ta OTPUMAHO TI€BHI CITiBBIIHOIIEHHS
MiX eneMeHTaMu miei marpui. OgHaK, aBTOpH IUX 1 Oa-
raThOX IHIIUX JIOCHIIPKEHb BBaKAIOTh, 110 K OKPEMY IPO-
Huenypy mupyBaHHs JaHUX 3a JOIMOMOTIO0 MOCHiIOBHOC-
Tell momiHOMIampHUX MaTpunp PiboHaYTl I TIepenadi X
KaHaJaMH 3B'S3Ky 3aCTOCOBYBATH HEJOIIBHO Yepe3 Mairy
KIJIBKICTh PI3HHX €JIEMEHTIB TaKUX MaTpHIlb, a TAKOK He3-
HayHy KPUNTOCTIMKICTh alrOpUTMY IH(PYBaHHS.

VY KO)XKHOMY 3 BKa3aHHX BHIIE Ta 0araTtboX IHIIUX JI0C-
JDKEHHSX TI€I0 YH 1HIIOI0 Mipoo OOTPpYHTOBAHO Pi3Hi MiA-
XOAM IIOJIO0 TeHepYBaHHS MOCIHIOBHOCTI MOJIHOMIIbHUX
Mmarpuis PiboHaudi, IpoTe HE HABEJCHO MPUKIAIN IXHBO-
TO KOHKPETHOTO BUTJISLY, OJHAK JOBEJECHO JOLUIBHICTD iX
BUKOPHCTaHHS JUIs U(PyBaHHS OJOKOBUX JJAHUX SIK CKJIa-
JTOBOT JICTIO CKJIAMHIMNX aaropuTMiB. TiUTbkH y poboTi [27]
PO3pO0IIEHO METOJ] TeHEPYBAHHS 71-01 TOCIIJOBHOCTI TIOJMi-
HOMiaTbHUX MaTpuLb PiboHAYI 71-TO TOPIKY, €JICMEHTA-
MM SIKHX € nojinoMu Pibonauyi He Bume (n—1)-ro cremneHs.
Leit MeTOx BHKOPHCTOBYE MaTpHUYHE PEKYypEHTHE CITiBBia-
HOIIICHHS, aHAJIIOTIYHE PEKYPEHTHOMY CIIiBBIHOIICHHIO IS
reHepyBaHHs yuces1 ®i6oHayyi, B IKOMY OyJI0 3aCTOCOBAHO
3arajbHOBIIOMY CTPYKTYPY €JIEMEHTIB TAaKUX MaTpHLb [54].

OpHak, HaBITh MOBEPXHEBUI aHANI3 MMOCIITOBHOCTI TO-
niHOMianbHUX MaTpuile ®idoHauyi Big 2-10 10 5-Tr0 MOpsA-
KiB, HABEJICHUX Y MOCHTIKCHHI [27], IOKa3ye, 10 3aCTOCY-
BaHHS TPAJUIIHHOI CTPYKTYPH €IEMEHTIB TAKUX MAaTPHIb €
HEIOIUTFHIM 4Yepe3 He3HAUHY KUTbKICTh (k) pi3HHUX IONiHO-
miB Didonayui He Bumie (n—1)-ro crenens. Hanpukian, ams
Marpuis PidoHauUl OyIb-SKOTO MOPSAKY (71) TAKUX PI3HUX
noniHoMiB DiboHauYi OyAe BChOTO k = 3, CTCMIHD SIKUX 3a-
JeKaTHUME TIIBKHU BiZ HOMepa (7) MOCTiTOBHOCTI TOTIHOMI-
anpHOT Matpuili didonaydi, a came Bix (n—3)-ro no (n—1)-
ro crermeHs. Taka Maja KiTBKICTh PI3HHUX CJIEMCHTIB MaT-
punpe @idoHaydi Ta HE3HAYHE BapilOBaHHS CTENEHIB BiaAIO-
BimHUX ToniHOMIB Di0OHAYYl € He TUIbKU MajoiHpopma-
THUBHOIO Ta TPO30POI0 JUIS KPUNTOAHAIITHKA, aje i ciad-
KOIO III0JI0 KPUINITOAHATI3Y BiIOBIAHOTO anroput™my. Tomy
BUHMKAE MOTpeda MPOBEIEHHS J10JaTKOBOTO JOCIiIKECHHS

OO0 OCOOTMBOCTEH TEHEpyBaHHS ITOCIITOBHOCTEH MOIi-
HOMiasbHUX Marpuils PiboHaudi Ta MoandiKalii CTpyKTy-
pH IXHIX €JICMEHTIB TaK, 00 3a OTPUMAHHMHU MATPUISIMU
Oyna MOXITUBICTh 3HAXOIMUTH SIK iXHI BH3HAYHUKH, TaK i
OOCpHEHI MATpHIli, a TaKOXX MOMJIUBICTh BCTAHOBJICHHS
MEBHUX OCOOJIMBOCTEH iXHHOTO BHKOPHCTAHHS TUTBKU SIK
JIOKaJTbHOTO METOTy I pyBaHHs OJTOKOBHX JTaHUX.

Ob'exm Oocniddxcennss — TCHEPYBaHHs MOCIIIOBHOCTI
Mo (hiKOBaHUX MOJIIHOMIAIBbHUX MaTpuir Pi0oHaYY].

Ilpeomem Oocnidscennss — METOIN Ta ANTOPUTMHU TEHE-
pYBaHHS TOCHTITOBHOCTI MOAW(DIKOBAHUX MOJIHOMIAIBHUX
MaTpuis DiboHAYYl m-TO MOPSAKY SK OCHOBH IS IHADPY-
BaHHs OJIOKOBHX JJAHUX, IO TACTh MOXKITUBICTB 3MiHCHIOBATH
e(heKTHBHUI TX 3aXUCT.

Mema pobomu — po3poOUTH METOA T'eHEPYBaHHSI ITOCITi-
JTOBHOCTI MOAM(DIKOBAHKX MOJIHOMIAILHUX MaTpuils Dido-
Hay4i m-r0 NOPSIKY, CTPYKTypa elIeMEHTaMH SKUX MICTH-
TUME 3HA4YHY KUTBKIiCTh mosiiHoMiB @i00Ha9Ui BiAMOBIIHUX
HOMEpIB, SIKMH JacTh MOKJIHMBICTh 3HAXOAWUTH SIK IXHI BH3-
HAYHUKH, TaK 1 OOCpHEHI MATPHIli, IO CYKYITHO yYMOKJIH-
BUTH IXHE 3aCTOCYBaHHS Y MATPHYHOMY METOIi MU PyBaH-
Hs OJIOKOBUX JaHUX.

JIist moCSITHeHHST 3a3HAYCHOI METH BHU3HAYEHO TaKi OcC-
HOBHI 3a60anHs O0CHIONCEHHS:

® [IpoaHalli3yBaTH OCTAaHHI JOCIHI/DKEHHS Ta MyOiKallii, a Ta-

KOX 3'CyBaTH CKJIQJHICTh IPOOJIEMH I'€HEepyBaHHsS IOCIi-

JIOBHOCTI TaK 3BaHUX MOJIHOMIAILHUX MaTpuilh DiboHaqui,

SIKi CTaHYTh OCHOBOIO JUIsl MIH(PYBaHHs OJOKOBHX JIAHHX,

110 IACTh 3MOT'Y 3JIiiICHIOBaTH e()eKTUBHHH TX 3aXUCT;

® pO3pOoOUTH METOJ] TCHEPYBAHHsI 71-01 MOCIIIOBHOCTI MOJIH-

(biKoBaHMX TOJIIHOMIANBHUX MaTpuilh PidOHaYUl m-ro mo-

PSLIKY, eleMeHTaMu SIKUX OyayTh nojainomu PiboHaudi Bij-

MMOBIIHUX HOMCPIB, AKHUH JACThb MOXKJIMBICTH 3HAXOAUTH K

TXHI BU3HAYHUKH, TaK 1 00CpHEHI MaTPHIIi, IKi MOXHA 3aCTO-

COBYBAaTH y MAaTPUYHOMY METOAI IMU(pYBaHHS OJIOKOBUX

JIaHUX;

® HAaBECTH AJITOPUTMH YTBOPEHHS JESKOi MOCIiIOBHOCTI MO-

JU(IKOBAHUX TIOJIIHOMIaIbHUX MaTpullh PiboHau4i Bij 2-T0

JI0 5-TO MOPSIIKIB, eleMEHTaMH SIKUX OyxyTh nosinomu Pi-

OOHaYui BiAMOBIAHUX HOMEPIB, IO JACTh 3MOTY MpPOaHAIi-

3yBaTH HE TUIBKH OCOOJIMBOCTI iXHBOI MOOYZOBHU 3arajiom,

ase ¥ yCBIZIOMUTH MPOLIELYPH 3HAXOKCHHS IX BU3HAYHHKIB

i 00EpHEHNX MaTpPUIlb 30KPEMa;

® HABCCTH KOHKPCTHHI HPHKIIA]] 3aCTOCYBaHHS MAaTPUYHOTO

MeToxy IH(pyBaHHI OJOKOBUX JaHUX MOAU(IKOBAHOIO 110-

JIHOMIaIbHOIO MaTtpuiieto DiboHaYyi, 1110 1acTh 3MOTY 3alli-

KaBJICHOMY 4MTady 3pO3yMiTH OCHOBHHMI NpHHIHMI IUQpy-

BaHHS sIK [T0YaTKOBOTO MOBIJOMJICHHS, TaK 1 pO3IIU(pyBaH-

Hsl 32U (DPOBAHKX JIAHKX;

® 3pO0HUTH BHCHOBKH 3a pe3yJIbTaTAMH BHKOHAHOTO JOCITi-

JUKEHHS Ta HAJIATH BiIIIOBIIHI PeKOMEHIAIIT MO0 IX MpaK-

THYHOTO BUKOPHCTAHHSI.

AHaJIi3 ocTaHHIX HOCTiMKeHbL Ta MyOJikamii. Pi3ni
MOCITIIOBHOCTI MOJIIHOMIB TIiJT Ha3BO nonmiHOME DiboHaY-
4i Ta Jlykaca TpamisSioThCS B HAYKOBIH JTiTepaTypi MpoTs-
TOM OCTaHHIX JEKUTBKOX JecaTuiiTe. Hanmpukian, y poboti
[22] maBenmeHO pe3ymbTATH MOCITIIKEHHS ITOCIITOBHOCTEH
k-ancen didoHay4l, IXHIX ITOJIHOMIB 1 HMOXIAHUX BIJI HUX.
ABTOpH BBaXKaOTh, MO k-mosiHOMH DiOOHAYYI € TIPHUPOA-
HUM pO3UIHpeHHIM k-uyncen @iboHaudi, ToMy 6araTto ixHix
BJIACTUBOCTEN JIOMYCKAOTh MpsME JA0BEICHHs. Takok BOHU
HaBOJATH TOXiJHI BiJl IMX MOJIHOMIB y (opmi 3ropTku k-
noJsiiHoMiB Di0oHAaYYi, MO0 AajJ0 iM 3MOTY OIOCEPEIKOBa-
HUM 1 IIPSIMUM CITOCOOOM TTOJIaTH CIMEHCTBO HOBHX ITOJIIHO-
MiaJIBHUX TOCITiIOBHOCTEH. JloBeneHO OaraTo CHiBBiIHO-
IICHB ISl OXiMHUX TomiHoMiB ®DiboHayui. Pe3ynpraTy ix-
HBOTO JOCII/DKEHHS OTPUMAHO BHACIIIOK MPHUCYTHOCTI 30-
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JIOTOTO TIEpepi3y B PEKyPCHUBHOMY MOiNIi TPUKYTHHUKIB i
4ac 3aCTOCYBaHHS METO/Y CKIHYCHHUX CJICMCHTIB 1 TPHKYT-
HHUX yTOYHCHb.

VY pobori [52] posrisiHyTO y3aranbHeHi mojiHoMu Di-
OGoHauyi Ta Jeski IXHI (yHIAMEHTAIbHI BIaCTHBOCTI. ABTO-
PH BBaKAIOTh, IO Pi3HI MMOCITIJOBHOCTI TOJIHOMIB il Ha3-
Bamu noniHoMiB Dibonauyi ta Jlykaca TparisiioThCs B Ha-
YKOBI#1 JIiTepaTypi MpOTSrOM CTONITTS. ¥Y3arajJbHeHHS MOJi-
HoMa DiboHay4i 3po0JICHO 3 BUKOPUCTAHHAM PI3HHUX IIiJI-
XOJIB, JI¢ 3a3BHYall y3arajJbHEHHS 3IHCHIOETHCS ILIIXOM
3MiHHM OYATKOBUX YMOB. ¥ CBOEMY JOCII/DKEHHI BOHH BHB-
YaroTh TaK 3BaHi y3araipHeHi momiHoMu PiboHaudi 3 Oy Ib-
SIKAM IUTAM 9UCTIoM. J{aiii BOHM HaBOAATH JesKi (yHIaMeH-
TaJbHI BIACTUBOCTI y3araJbHEHUX MoJiHOMIB Di0oHaYHI.

VY poborti [53] mpoananizoBano norinomu ®idoHaudi Ta
JIETePMIHOBaHI TOTOXKHOCTI, MOB'SI3aHI 3 HUMH. ABTOpaMH
BCTaHOBJICHO, 1110 nojinoMu DidoHayui Ta nominomu Jlyka-
ca BOJIOJIOTHh YY/JOBHMHU Ta JAMBOBHXXHUMH BJIaCTHBOCTSI-
MH, a TaKOXX BIAMOBIAHUMH JCTEPMIHOBAHMMHU TOTOXKHOC-
TSAMH, SKi OyJIO JIeTalbHO ONHMCAHO. 3alMCH JETEePMiHOBaA-
HHUX TOTOKHOCTEH 3aJJ0BOJILHSAIOTH PEKYPEHTHUM CITiBBiJI-
HolIeHHsM nosiiHoMiB PidoHauyi Ta moiinomis Jlykaca.

VY poborti [11] npoaHanizoBaHO Tak 3BaHi BiACTaHI MiX
eJIeMEHTaMH y3aralbHeHHX moniHoMiB DiboHaudi, HaBee-
HO TIpsAMY (GOopMyITy, TBipHY (PYHKIIiIO Ta MATPUYHI TeHEpa-
TOPH I yTBOPEHHS IHX ITOJIIHOMIB. ABTOPH TaKOK HABEJIH
rpadoBy IHTEpHPETAIiIO WX MONIHOMIB, iX 3B'3KH 3 TPH-
KyTHHKOM [lackais Ta JOBenH AesKi TOTOKHOCTI IS HHX.

VY poboti [39] HaBemeHO BIAOMOCTI MPO y3arajibHEHI
h(x)-noninomu Pidonauui ta Jlykaca, yrBopeHi (QyHKII€rO
h(x), sika MOXe OyTH IOJIIHOMOM SIK 3 I[UIMMH, TaK 1 3 Jiii-
cHUMH KoedinienTamMmu. Bonu HaBousTh /i(x)-moniHomu Di-
OoHauyi, K1 y3arajabHIOIOTH K moiHomu Didonaydi-Kara-
JIoHA, TaK i moniHomu dibonaydi-bepma, a TakoXK BKa3yrOTh
Ha iXHI BIATIOBiJHI BIACTHBOCTi. ABTOPH TaKOXX HABOJATH
h(x)-mmonminomu Jlykaca, siki y3araibHIOIOTH momiHoMH Jly-
Kaca Ta BKa3yIOTh Ha IXHI BiOMOBigHI BiacTHBOCTI. OKpim
1Ip0T0, aBTOPH HaBenH Q)(x)-matpurio OidoHaYdi, eIeMeH-
TaMH sKOi1 € moniHoMu PiGoHau4i 7-rO CTEmeHs, 1o y3a-
rajapHIOTh O-Marpuito ®idoHauUl, MOPOHKEHY BIAMOBII-
HUMH YUCIIAMU.

VY poboti [49] HaBeneHO iH(OpPMaIitO IPO 3TOPHYTI y3a-
ranpHeHi noniHomu @iboHaudi Ta Jlykaca. ABTOpH BU3HA-
Yal0Th 3ropHYTI A(x)-nosiHoMu DiOOHAYUI SK PO3IIMPEHHS
knacuuHux uyucen Pidonauyi. Takok BOHM HaBOISTH Je-
KiTbKa KOMOiHaTOPHHUX (HOPMYJ, IO MICTSTB /i(X)-TIONiHO-
mu @iboHaudi Ta Jlykaca. OkpiM IbOT0, aBTOPU OTpUMAIH
3ropHyTi /(x)-momiHomu DiboHAYUi 3 ciMeicTBA MaTPHIb
I'eccenbepra (aurn. Hessenberg) Ta MoBenH iXHI BiAMOBIAHI
BIIACTHBOCTI.

VY po6ori [13] HaBeneHo y3arampHeHHi moxiHOM Dibo-
Hay4i Ta JIOBEJCHO HOro BIACTHBOCTI. ABTOPH BBaXKAlOTh,
o nosiHomu Pidonayui Ta nmoninomu Jlykaca Bijjomi THM,
1110 BOJIOJIIIOTH YyJJOBUMH W AWBOBHKHUMH BIACTHBOCTSIMH
Ta BIAMIOBIIHUME TOTOKHOCTSMH. OKpIiM IIHOTO, JOCITITHH-
KM BU3HAYAIOTh JEsKI PEKypeHTHI CITiBBITHOIICHHS Ta Ha-
BOJIATh 1X JUIsl TeHEpYBaHHs y3arajibHEHHX MOiiHOMIB Di-
OoHayyi.

V pobori [56] HaBeneHo iHdopMario mpo AesKi Biac-
THUBOCTI y3araqpHeHHX moijiHoMiB @ibonayui Ta Jlykaca,
OTPUMaHI IIUIIXOM BHKOPHCTAHHS MAaTPHLb Ta PO3KIIaJaHHS
Jlammmaca. JlocnigHUKK HaBOAATH HOBI CIMEWCTBA TPHIiaro-
HAJIbHUX MAaTpHIlb, MOCIIOBHI JACTEPMIHAHTU SIKHX IOPO-
JUKYIOTB Oy/Tb-sIKY I1AIIOCITIJOBHICTh IIUX MOJIHOMIB.

VY po6Gorti [58] HaBemeHO AesKi pe3yabTaTH IOIO0 3TOp-
HYTHX (p,q)-nioiiHOMIB DiboHauyi. Y CBOEMY JOCIIIKEHHI
aBTOpPH Ha minactaBi (p,q)-nominomiB dDiGoHauui u,(x) Ta
(p,q)-nominomi Jlykaca v,(x) BBemM Tak 3BaHi 3TOPHYTI
(p,g)-nominomu @ibonauui u!”’(x), fAKi y3aranbHIOKOTH

3ropHyTi yncna PidoHaudi, 3ropHyTi HoxiHOME [lemta Ta
moyiHoMH ['erenOayepa. ABTOpY HaBeNlW BIATIOBiIHI BHpa-
31, po3kinaganHs Jlammaca, peKypeHTHi Ta audepeHIianbHi

pexypeHTHi criBBiaHomenHs u'”(x), a Takok pe3yibTaTH

BCTAHOBJICHHS 3B'A3KiB Mixk monminomMamu u'”(x) 3 mosmiHo-
MaMH ,(x) Ta v,(x). OkpiM I[bOTO, BOHH BH3HAYWIIN JETEp-

MiHaHTHI nofanHs nomiHoMiB u”(x) i v,(x), a TakoX HaBe-
M anrebpuyHy iHTeprpeTaniio noxiHomis u'”(x) .

VY poborti [36] HaBeneHO AEAKi 3aMITKH PO yYTOYHEHI
noniHomu [lenna (aurn. Pell Polynomials). ABTop crodat-
Ky HaBOJIUTH JOBEICHHS TBIPHOi (PYHKIIIi ITMX ITOJIHOMIB.
Ilotim BiH Hamae noBereHHs (opmynu bine (aurn. Binet
Formula) nns yrounenmx noninomiB Ilemnma, skuit nae
yrouHeHuil noiinoM Ilenna, a Takox OTpUMYye nesiKy Gop-
MyJy MiABEICHHS CyM IHX MoiiHOMIB. OKpiM IOTO, BiH
JIOCIIIDKYE JIesiKi 0Ope BiZIOMI TOTOKHOCTI, BPaXOBYIOUHU TO-
toxkHocTi Katanana, Kaccini, a'Okanst ta ['enina-Uesapo, 1o
MICTATh yTOYHEHi moiHomu [lesa.

VY poboti [42] po3rIsIHYTO Ta BH3HAYEHO 3-TIOJIIHOMH
®ibonayui B cimeiicTBi uncen Pidonaqgui. [IpoxemoHcTpO-
BaHO JICSKI BOKIIUBI BIACTUBOCTI 3-TIOJIHOMIB, SIKi TIOPiB-
HIOBaJIM 3 BioMuUMU mosiHoMamMu Dioonauyi. s 3-mosmi-
HoMa (ibonayui Oyno HaBeJeHO WOro BUpa3 i JAOBEICHO
JIeSIKI TCOPEMHU, MTOB'sI3aHi 3 HUM.

VY po6oTi [12] HaBeeHO OCOOIMBOCTI YTBOPCHHS YHCEI
®iboHaydi Ta OPTOTOHANBHUX IOJIHOMIB. ABTOpP JOBO-
JIUTb, IO TOCTIAOBHICTD (1/F,,),50 00epHeHnx umncen PDi-
OOHAYYi € MOMEHTHOIO TOCTIIOBHICTIO ITEBHOI TUCKPETHOI
HMOBIpHICHOT MipH, IO iACHTU(IKY€E OPTOTOHATBHI TTOTiHO-
MM SIK MaJICHBKI g-TiostiHOME $Ik00i (aHri. Jacobi) 3 g = (1
—5)/(1 + \5). Bi JOBOAUTH, 1O BiANOBIxHI g-mOTiHOMHU
Sko061 MaroTh 11T KoedilieHTH, TOMy oOepHEHa 10 BiAIO-
Bimaux marpuus Iankensa (anrn. Hankel) (1/F;iji2),s0 Mae
TaKOX LTl 3a3HaueHHs. HaBemgeHo aHANOTiIyHI pe3ysibTaTH
s Matpunb [ineOepra (anrn. Hilbert) Ta mOBeACHO iXHi
BIJIITOBITHI BIIACTHUBOCTI.

VY poborti [38] HaBeneHO NesKi BIACTHBOCTI (p,q)-TI0JTi-
HoMmiB @iboHayui Ta Jlykaca. ABTOpH BBaKaroTh, 1110 MacH-
Bu Piopnana (anri. Riordan) KOpUCHI JUIsi OTPUMAHHS KOM-
OIHATOPHUX CYM 3a JIOIIOMOTOI0 I'eHEpyBaJbHUX (DyHKIIIH.
BoHnu cTBepIKYIOTH, IO 0araTo TeopeM MO)KHA JIETKO J0-
BECTH 3a JOTIOMOT 010 MacuBiB Piopaana. ABTopu posrisiga-
10T Matpuio [lackans (auri. Pascal) Ta BU3HaYalOTh HOBE
y3arajgpHEeHHs moniHoMiB DiboHaYYi, SKi HA3UBAIOTE (p,q)-
nmoniHoMamu Dibonaudi. 3a momomororo Metony Piopmana
BOHH OTPUMYIOTh KOMOIHATOPHI TOTOXKHOCTI, a TaKOX
3aiHcHIOIOTH (hakTopu3ariro Marpuii [lackans, Mo MiCTUTB
(p,q)-noninomun didoHayyi.

VY poGoti [46] HaBeneHO OOHAMINIMBI, SK Ha MEPIIUI
TIOTJISA, TOKa3HUKH HAMIHHOCTI Teopil MM(pyBaHHS TaHUX
noniHoMamu Dibonaudi. Po3po6iieHo HOBHIA Ki1ac KBaapaT-

Hux Q) (x) -marpuip dibonauui (n—1)-ro crenens ta pm-

TO TOPAAKY s muppyBaHHS NaHUX, A¢ p = 3, m = 1,
n=>1, x > 1, enemenramu sAkux € noiiHomu PidoHayyi.
3anporoHOBaHUI METO ACMIN(BPYBaHHS JaHUX BUILIHBAE 3
MOYKITMBOCTI OTPUMaHHA BiINOBiTHMX 00epHEHHX Q' (x) -

Mmarpuis DidoHaYui, BU3HAUYHUK SIKMX CTaHOBUTH *1. Ilpu
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I[OMY BII3HAYCHO SIK HE3HAUHI TPUBAJIOCTI BUKOHAHHS Ta-
KHX MPOLIEAYpP, TaK 1 HaIMHICTh 3aIlIUPOBAHHUX TTOBIIOM-
JIeHb, CTIMKHX 10 KpUnTorpadiunamx atak [28, 34].

VY pobori [21] po3pobieno meron mmppyBaHHS Oy1b-
SIKUX TTOBIAOMJICHB HA mijcTaBi mojinomiB ®ibonauyi. JIis

ninux ancen m =2, x> 1in> 1 6yno pospobiero Q! -mat-
purro ®iboHATYl po3MipOM mXm, SIEMEHTAMH SIKO1 € TIOJTi-
Homu DiboHaudi (n—1)-rO CTemeHs, a BU3HAYHUK MaTpPHIl
craHoBuTh t1. s po3mmppyBaHHs TaHUX aBTOPH BBEIH

obGepHeHy Q."(x) -MaTpHUIIIO, €IEMEHTH SKOi € 00EPHEHUMH

noiHomMn P160HAYYI 72-TO CTETEHS.

Y poborti [8] 3anporoHOBaHO HOBY Teopito MmuppyBaH-
HS IaHUX 3 BUKOPUCTAHHSIM y3arajlbHEHHX 71-KPOKOBHX MO-
nminomiB diboHauyyi, HA MiACTaBI AKUX BH3HAYEHO HOBHIA
KJac KBaapatHoi M), ,(x)-marpuui n-ro mopsaky (x=1) Ta
OTPUMAHO TICBHI CITIBBITHOIICHHS MIXK €JICMCHTaAMH i€l
Mmarpuui. IlpoaHani3oBaHO JOCTOBIPHICTH 3aCTOCYBaHHS
L[OTO METOJY, JI€ MOKa3aHo, O JUIsl # = 2 HOro KOpUry-
BaJlbHA 37aTHICTL CcTaHOBUTHL 93,33 %, TOal 5K Mg n = 3
Bxke cTaHoBHTH 99,80 %. LlikaBoio ocobmuBicTIO po3po0ire-
HOTO MeTONy MIM(PYBaHH: JAaHUX € Te, 10 HOTro JIOCTOBIp-
HICTh HE 3aJIC)KUTH Bix KoedimieHTiB moiiHoma PiboHaydi,
3a BUHATKOM KoedimieHTa /,(x) = 1, i 3pocTtae 3i 30iIbIIeH-
HSM TIOPAIKY KBaxpaTHOi M), ,(x)-MaTpHIIi.

VY pobori [5] po3risiHyTO miAXia A0 peanizaliii KpunTo-
CHCTEMH 3 BUKOPHCTaHHSM ToJIiHOMIB 1 uncen Jlykaca. AB-
TOpPHM HaBeJIM IHHOBAIIWHUN MiAXiA 10 peajizaiii KpUmnro-
CHCTEMH, sSIKa BHKOPUCTOBYE MOJiHOMHU Ta uucia Jlykaca.
UYucna Jlykaca, MOCHIIOBHICTh SKHUX MOMiOHA 10 yrcen Di-
OOHAYYi, MAIOTh YHIKaJIbHI BJIACTHBOCTI, SIKi Y9acTO BUKO-
PHCTOBYIOTh JUIsl MIM(PYBaHHS Ta AeH(pyBaHHS NaHUX.
3ampornoHoBaHa IOJiHOMIanbHa KpuiTocuctema Jlykaca
OITHCYE MPOLIECH TeHEPYBAHHS KIFOYiB, IU(PyBaHHA Ta Jie-
mmdpyBaHHs, BKa3yl0Ud HAa MUTAHHSA OE3MEKH Ta 0COOIH-
BOCTI ympaBiiHHA KirtodamMu. CTIHKICTh CHCTEMH 3aJICKHUTh
Bil CKJIaJHOCTI PO3KIAJaHHSA BEIHKHX HPOCTUX YHUCEN i
BUKJIMKY II0JI0 OTPUMaHHS CEKPETHOTO KJIIoua 3 BIJIKPHUTO-
ro Kio4a. Y CBOEMY JOCIIDKCHHI aBTOpH 3a0e3neuyroTh
BCEOIYHE PO3YMIHHS KPUIITOCUCTEMH Ta AOCIIIKYIOTS 11 1M0-
TEHIIIHI MOXITUBOCTI 3aCTOCYBaHHS B OC3MICUHOMY 3B'S3KY
Ta 3aXMCTi JaHMX. TakoX TPOBEAEHO IIMPOKWH aHami3 i
KPHITTOAHANTI3, 100 OLIHUTH Oe3MeKy Ta epeKTUBHICTH 3aIl-
POIIOHOBAHOI CHCTEMH, IO POOUTH Ii MEPCIEKTUBHUM JI0-
MOBHEHHSIM JI0 KPHIITOTPa(iYHOr0 cepeIOBHIIA.

VY poboti [10] HaBexeHO y3araabHEHY TEOpiro MHUPPY-
BaHHS NaHUX Ha (m,f)-pO3MHPEHHI MOJIHOMIB p-4HCIaMU
®ibonayyi. CriouaTKy aBTOPH BU3HAYAIOTH (/11,!)-pO3IIHPEH-
Hs1 p-uncen @i6oHay4i Ta 30J0THX (p,n,f)-NPOTIOPIIIH, 1€ p
> 0 € miaIuM HeBia'eMHUM guciom, m > 01¢> 0. Bonu BcTa-
HOBWJIM CITIBBIIHOIICHHSI MK 30JI0TOX (p,m,f)-IIpOIop-
Ii€F0, MIXK 30JI0TOIO (p,/1)-TIPOMIOPIIEI0 Ta MK 30JI0TOKO p-
MIPOTIOPII€I0, BHACTIJOK YOro OyJI0 BH3HAYEHO KBaJpaTHY
G, -MaTpuno @idoHayui. Takox aBTOpPH MOKa3aH, IO,
3a YMOBH NIPAaBUJILHOTO BHOOPY IOYATKOBUX WICHIB ITOJIi-
HOMa i (m,t)-pO3MHpPEeHHS oro p-uncnamu PiboHaudi,
MO)KHa 3aCTOCYBATH NPOUEAypy IH(PyBaHHS NaHUX 3 BHU-
KOpUCTaHHAM G, ~MaTpulli PidoHay4i. 3po0ieHo BUCHO-
BOK, IO A7 ¢ = | 3B'A3KH MiXK eJIeMEHTaMH MAaTpPUIl IIud-
PYBaHHS JaHUX VIS Pi3HUX 3HAYEHB p 1 m 30iraloThCs 3 aHa-
JIOTYHUMHM TIOYATKOBUMH wiieHamMu dnces Dibonayui [9].

VY po6orti [4] pO3TIISIHYTO THIT 3arajibHOAOCTYITHOT KPHII-
TOCHUCTEMH, II0 BUKOPUCTOBYE IOJIHOMH Ta IOCIIIOBHOC-
Teit mominoMiB [lesa. ABTOpU CTBOPHIIM CBOEPITHY KpHII-

TOCHUCTEMY 3 BIIKPUTHM KJIFOYEM 32 JOMOMOTOIO TOJIIHOMIB
1 IOCiIOBHOCTEW TOTiHOMIB [lemna muisxoM BHKOPHCTaH-
HsI BJACTHMBOCTEH SIK IOJIHOMIB, TaK 1 IMOCIIIJOBHOCTEH IO-
niHoMiB Ilemma depes mepeTBOpEeHHs MOJIHOMIB y BiCIMKO-
BY Ta ABIMKOBY CHCTEMY YHCICHHS. 3aXUCT NU(POBUX Ta-
HUX 1 iX Mozau(ikallisi BOHM 3IIHCHIOBAIN 3a JIOTOMOTOO
Cy4acHHUX KpHNTOrpadiyHuX METOMIB, SIKi BiIrpaloTh Bax-
JIUBY POJIb y OE3Ielli Mepexi.

OTKe, 3a pe3ysbTaTaMH IIPOBEICHOTO aHajli3y OCTaHHIX
JTOCTI/KCHD Ta IyOJIiKaIliii CTOCOBHO HAasIBHUX IIIXOIIB 10
TeHEepPYBaHHS MOCIIIOBHOCTI K mojiHoMiB DiboHaUYi 1-TO
CTeTICHs, TaK i MoJiHOMIiaNbHUX MaTpunb PiboHAUdi m-ro
MOPSIIKY, a TAaKoXK OCOOJMBOCTEW iX BHKOPUCTAHHS IS
mmdpyBaHHS AaHUX OyJIO0 BCTAHOBJIECHO, IO HABITh 3a OC-
TaHHE JECATUIITTS BUKOHAHO 0araTo pisHOMaHITHUX TOCHTi-
JUKEHB, B KOKHOMY 3 SIKUX TI€I0 YX 1HIIOIO0 Miporo OO0TpyH-
TOBaHO Pi3HI AITOPUTMHU IXHBOI MOOYZOBH, a TAKOXK JIOBE-
JICHO MOLITBHICTh iX BUKOPUCTAHHS I IH(pPyBaHHS 1a-
HUX. BopHowac, 3acTocyBaHHs IMOJIHOMIB i MOJIHOMialb-
HuX MaTpuir DiboHaUYi SK OKpeMoi MpoIeIypu sl 3a-
XHCTY BIAMOBIZTHO ITOTOKOBHX 1 OJIOKOBHX JJaHUX Y TE€opil Ta
npakTuni kpunrorpadii TparisieTbess BKpai pinko. Tomy
MPOBE/ICHHSI I0JJATKOBOTO JIOCII/DKEHHS 1010 PO3POOIeH-
Hsl €(DEKTUBHOTO METOJly I'€HEpYBAHHSI 71-01 MOCIiJOBHOCTI
MOIU(IKOBAHUX TONIHOMIanbHUX Martpunb DidoHaudl m-
TO TIOPSIZIKY, €IeMEHTaMH SIKUX OyIyTh BiAMOBINHI IOMIHO-
mu DiboHAYYl, a TAKOK BCTAHOBJIEHHS IIEBHUX 0COOJIMBOC-
Teil TXHBOTO BUKOPHUCTAHHS Ui IMU(PPYBaHHS OIOKOBHX
JIAHUX TUIBKH SIK JIOKAJIbHOTO METOJY € aKTyaJlbHUM 3aB-
JIAHHSIM, sIKe€ i crpoOyeMO YacTKOBO BHPILIMTH B IIbOMY
JIOCITIJPKEHHI.

PesysibTaTH AOC/IiA)KEHHA Ta iX 06roBOpeHHs /
Research results and their discussion

1. MeTtox reHepyBaHHs MOCJTiIOBHOCTI IMoJIiHOMIB
®ioonayyi. /i reHepyBaHHS ITOCIIIOBHOCTI IOJIIHOMIB
diboHau4i BUKOPHUCTOBYIOTh TaKe PEKypeHTHE CITiBBIIHO-
eHHs [6]:

F"V(x)=xF" (x)+ F""(x), (1

ne F"(x), F"(x) i F(n_l)(x) — BIANOBIIHO HACTYITHHMH, MO~
TOYHUH Ta monepenHiit Burisia mominoma Didonaudi. s
FOr) = 0 ta FY(x) = 1 mactynuuit nomizom diGonaudi
matume Burisia FO(x) = x-FOx) + FOx) =x-1+0=x.

IHomi mocmimoBHOCTI MomiHOMIB @iboHAYUI pO3TiIsLIa-
I0Th 1 JUIA BiA'€MHHX 3HA4YCHb iXHIX HOMEpIB 71, TOOTO SIK
BOOIYHO HECKIHYEHHY MOCITITOBHICTh, IO 3aJ0BOJBHIE
MEBHOMY PEKYpEeHTHOMY CIIiBBiHOLIEHHIO. BiamnosigHo,
YJICHH TaKO1 MOCIIIOBHOCTI noiHoMiB DiboHauYi 3 BiT'eM-
HUMH HOMEpPaMH JIETKO OJICPKATH 32 JTOTIOMOTOI0 PEKYpPEH-
THOI opmynu "Hazan", a came:

F"(x)=F"(x)—xF" (x) . (2)

Hanpuxnan, sxmo n =2, 1o
FO(x) = FF(x) — x-FP(x) = F(x) = F(x) — x-F(x).

Jlesiki ITOCHIZOBHOCTI IMOJIIHOMIB MO’KHA BH3HAUUTH 3a
BiJINIOBITHIMH PEKYPCHTHUMH CITiBBiTHOIICHHSIMH, ITOJI0-
HUMH 10 peKypeHTHOro chiBBimHOMmEHHS Dibomaudi (1).
Taxi MOCiIiTOBHOCTI ITOJIHOMIB, IIiJI 3arajlbHOI0 Ha3BaHOIO
noninomu Pibonaydi (Fibonacci Polynomials), mocmimxky-
Baym B 1883 p. Gempriiiceknii MaTematuk Esxen Hlapis Ka-
tanan (aurn. Eugene Charles Catalan) i HIMEIIBKHI MaTe-
Matuk E. SIkobcrans (anrn. E. Jacobsthal). BoaHouac, mo-
ninomu Dibonauyi [37], sxi gocnimkyBaB KartanaH, Bu3Ha-
YaJi 32 TAKAM PEKYPEHTHUM CITiBB1THOIICHHSIM:
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K(x) = x-K"V(x) + K" (x), n >3, KV(x) = 1, K9(x) = x.
Tyt 3a x = | orpumaemo ")(1) = F,, ToOOTO MaTUMEMO

n-te uncio didonauyi. Hanpukian, monminomu PidboHayyi,

Jociipkeri SIkoOcTaneMm, BU3HA4YaldM 3a TaKUM PEKYPEHT-

HUM CIIiBBITHOIIIEHHSAM:
JOx) =J"D(x) + x-S D), n >3, SD(x) =P (x) = 1.
OTXe, 3aCTOCYBABIIH TaK 3BaHE PEKypEHTHE CITiBBiIHO-

menHs "Boepen” (1), oTpuMaEMo MOCITIIOBHICTh MMOJIHOMIB

®iboHay4i 3 AOAATHIMH 3HAYCHHIMH IXHIX HOMEpIB, SKa

MaTHMe TaKWi BUTIIS:

FOx)=0,F"(x) =1,

FP(x)=x;

FOx)=x+1;

F®(x)=x"+2x;

FOx)=x"+3x"+1;

FO®x)=x" +4x’ +3x;

FO%x)=x+5x* +6x* +1;

F®(x)=x" +6x° +10x° + 4x;

FO>x)=x* +7x° +15x* +10x% +1;

F'(x)=x" +8x7 +21x° +20x° + 5x; 3)

FM™(x)=x" +12x" +55x" +120x7 +126x° +56x° + 7x;
F™(x)=x" +13x"7 + 66x" +165x* +210x° +126x"* +28x* +1.

BomHodac, 3acToCyBaBIM pEeKypEHTHE CITIBBIIHOIICHHS
"Hazan" (2), oTpEMaeMo MOCTiTOBHICTH moniHOMiB Dibo-
Hay4i 3 BiJ'€eMHUMH 3HAUSHHSMH IXHIX HOMEDIB, sIKa MaTH-
Me TaKWUH BUTIISL;

FYx) =L F2(x)=0; F"(x)=1;

F™(x)=—x;

FPx)=x*+1;

F™(x) ==(x* +2x);

FO ) =x*+3x* +1;

F(x) = =(x° +4x° +3x);

Fx)=x"+5x* +6x +1;

F™(x)=—(x" +6x° +10x° + 4x);

Fx) =x* +7x5 +15x* +10x* +1;

FO%%) = —(x* +8x7 + 21x° +20x° + 5x); 4)

FO(x)=x" +9x% +28x° +35x* +15x +1;

FO(x) = —(x" +10x" +36x7 +56x° +35x° + 6x);

FO(x) =x" +11x" +45x" + 84x° + 70x" +21x” + 1

FO(x) = —(x" +12x" +55x° +120x7 +126x° + 56x° + 7x);

FO9 () = x" +13x7 +66x" +165x* +210x° +126x* +28x% +1.
Meroj reHepyBaHHsS TOCIiTOBHOCTI mojiHoMiB Pido-

Hau4i "Bmepen" monATae y BUKOPHUCTAHHI PEKYPEHTHOTO

crhiBBigHOMmEHHS (1), 3TiAHO 3 SKUM HACTYHMHHU IMOJIHOM

YTBOPIOIOTH LUISIXOM MHOXKEHHSI 3MIiHHOT X ITOCJIJIOBHO Ha

€JIEMEHTH MTOTOYHOT'0 MOJIHOMA, MICJIS YO0 TPYIYIOTh CXO-

KI TONAHKHU 3 JOJaHKaMH MOMEPeIHbOro mojiiHoma. Ham-

puknazn, 3a Bxigaux momisomis F(x) i F(x) Bixmosizmo

5-r0 i 6-TO CTENEeHIB 3 MOCIIIOBHOCTI MoJiHOMIB (3) Hac-

TYIHUH TTOJIIHOM 7-TO CTETICHS MaTUME TaKUH BUTIIS:

FOx) =xFO(x) + FOx) = x(x* + 5x*+6x7 + 1) + (x° + 4x°+3x) =

=x"+5°+6x° + x + X0+ 47 +3x =x"+ 6x°+10x° + 4.

Meroj reHepyBaHHs TOCIiIOBHOCTI mojiHoMiB Pido-

Hauyi "Hazan' ToisTaE 'y BUKOPUCTAHHI PEKYPEHTHOTO

CHiBBiAHOMIEHHS (2), 3TiAHO 3 SKUM HACTYIMHHU IMOJIHOM

YTBOPIOIOTH HUISIXOM MHOXKEHHSI 3MIiHHOT X ITOCJIJIOBHO Ha

€JIEMEHTH IOTIePEIHBOTO MOJIHOMA, IMiCs YOT0 TPYIYIOTh

CXO1 IOMAaHKHW 3 JOJAHKAMH IOTOYHOro IoJriHoMma. Har-

puknaz, 3a Bxigaux noxinomis FUO(x) i F7(x) Bizmosizno

5-r0 i 6-TO CTEMEeHIB 3 MOCIIIOBHOCTI MoJiHOMIB (3) Hac-

TYIHUH TTOJIIHOM 7-TO CTETICHS MaTUME TaKUH BUTIIS:

FO) = FOx) — xF(x) = —(2° + 4x*+3x) — x(:° + 5x*+6x° + 1) =
=’ = 4= 3x —xT = 5x0— 6x° — x = —(x" + 6x°+10x" + 4x).
Maroun mocmioBHICTh moniHOMiB PiboHaydi "Boepen’”,

BiJINIOBIJTHY IMOCIIiIOBHICTh ToJiHOMIB DiboHauui "Hazan",

TOOTO JJIsI BiI'€MHHX 3Ha4YEeHb IXHIX HOMEPIB, MOKHA BH3-

HAYUTH 32 TaKOIO (popMyIIoro

F) = (1) F"(x), Vn > 1. 5)

Omxe, mocmigoBHOCTI moniHoMiB DiboHaudi [3, 57] €
MPUPOJHUM PO3IIUPEHHSIM BIAOBIIHAX TOCHiTOBHOCTEH
yucen @i6oHay4i, TOMy 6arato iXHiX BJIaCTHBOCTEH Jlomyc-
KaroTh TpsiMe TXHE moBeneHHs [22, 42, 50, 61].

2. MexaHi3M YTBOpeHHsl IOCJIiIOBHOCTI Moaupiko-
BaHUX MOJiHOMiaJbHUX MATpulb PidoHauui. 3 podotn
[57] Bimomo, o mosiHoMianbHa Q, (x) -marpuns DiboHaqdi
po3Mipom 2X2 Ma€e TaKHid BUTIIS

A(n+1 _ F(’”])(x) F(")(x)
Qé )(x)—l: F(n)(x) F(n—l)(x)

a 11 BU3HAYHHK OTPUMYIOTH 32 (POPMYIIOI0

} mavVne 7, (6)

det(Qz(””)(x)) — F(n+1)(x)F(n—l)(x) _ (F(n)(x))z — (_1)n+l , (7)

SIKy IlIe Ha3uBarTh ToTOXkHicTIO Kaccini [33]. Hampuxiian,
Uit 4-01 Ta 5-0i mosiHOMianbHUX MaTpuilh iboHauui 2-ro
MOPSIIKY TXHI BU3HAYHUKH MaTUMYTh TaKHi BUTIIS:
det(Q1 (x)) = F (x)F? (x) = (FP(x))” =
= +2x0)x— (2 +1)’ =-1;
det(Q9 (x)) = FO (1) F O (x) = (F¥ (x))’ =
= 3+ D+ D) - (3 +2x) =1,

3 pobotu [54] TakoXX BiZOMO, IO TOJIHOMIiabHI
02 (x) -marpuui ®iboHaYYi Bif 2-T0 10 5-T0, a TAKOK 7M-TO
MOPSIIKIB MAIOTh TAKUI BUTJISIL:

iE) x 1 iE) x 10 52
0P W=7 | :0¥m=[0x 1| 0P w= :
2x2 010 N

3

—_ —, o
o—oo

1
X
0
0

SOoOO=

4xd
x1 0 0--0
U
0Px)=[00x10| :070)=20x 101
0010 SN
00--0 x 1
000710], 000 10|

s reHepyBaHHS 71-01 IMOCIIZOBHOCTI TOJTIHOMIaTBHIX
:(77) : i n "
O\ (x) -matpuis diboHauyi "Briepes" BUKOPUCTOBYIOTh pe-

KypEeHTHE MaTpUYHE CITiBBiIHOIIECHHS, aHAJIOTIYHE CITiBBiHO-
1eHH:o (1), sike B HAIOMY BHITAJKy MaTUME TaKHi BHTJISI:

O (x) = xOW(x) + O V(x),Vn =2, )
ne Oy(x), OW(x) i OY~"(x) — BIANOBIZIHO HACTYIHUIA, MO-
TOYHHA Ta TOMEPEeIHIN BUTIIA/ TOTiIHOMIiaTbHUX Q‘” )(x) -Ma-

Tpuip DidoHayui.
Jlst reHepyBaHHS 71-01 MOCIIAOBHOCTI TOJTIHOMIAIBHUX
0" (x) -maTpuipb Pi6oHauyi "Ha3aa" BUKOPHCTOBYIOTh PEKY-
PCHTHE MaTpUYHE CIIiBBIIHOIICHHS, aHATIOTIYHE CITiBBiIHO-
IeHHo (2), sike B HAIIIOMY BHIIAIKy MAaTUME TAKUU BUTJISL:

05 (w) = 0 () — xOP(x), Vn <1, (10)

e 09 V(x), Oy*V(x) i OY(x) — BIANOBITHO HACTYIHUIA,

nonepeHiil Ta MOTOYHMi BUIIIA mosiHoMianbHux O (x) -
Mmarpuis DidoHauyi.

MeTton reHepyBaHHS TOCITIIOBHOCTI IOJIIHOMiaTbHUX

0 (x) -marpuup PiGoHayui m-ro nopAaKy "Brepea” mos-
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ra€ y BUKOPUCTaHHI PEKypPEHTHOTO MaTpUYHOTO CITiBBIIHO-
menHs (9), 3rigHO 3 SAKUM HACTYIHY IIONiHOMIaJbHY

Q') (x) -MaTpPHIIO yTBOPIOIOTH LIIAXOM MHOYKEHHS 3MiH-

HOT X MOCIIJOBHO Ha €JIEMCHTH MOTOYHOT Q‘”)(x) -MaTpHII,

SKMMU € BiAMoBiaHi noniHomu DiboHay4i, oAaBaHHs eje-
MEHTIB YTBOPEHOI MAaTpHIli 0 EJIEMEHTIB IONePEaHBOL

0" (x) -MaTpwIli, Micas Y0ro y KOXKHOMY 3 i yTBOPEHHX
CJIEMEHTIB TPYIYIOTh BC1 CXO0XKI1 J0o7aHku. Hampukmaz, s

0'e=|§ 9] 0= T §|. det@ (@)= x0-1-1=1,

a HacTynHa MojiHOMianbHa Marpuist PidoHaudi MaTnme
TaKUW BUTIISAL;

09 (x) = x0 (x) + O (x) =

AR

det(QP(x) =(¥" +1)-1=x-x =1.

(11

MeTtox reHepyBaHHS TOCITIIOBHOCTI IOJIIHOMiabHUX
0% (x) -marpump Di6oHAYYI m-TO TOPAAKY "Hazan" IOJIA-
ra€ y BAKOPUCTaHHI PEKYPEeHTHOTO MaTPUYHOTO CITiBBIJIHO-
menHs (10), 3rifHO 3 SKAM HACTYIHY IOJTIHOMIalbHY

0"~ (x) -MATPHULIO YTBOPIOKTh LITSXOM MHOXKEHHS 3MiH-
HOT X TIOCJIIJIOBHO Ha €JeMEHTH mnonepeansoi O (x)-mart-

PHIIi, AKUMH € BiAMOBIAHI mojiHoMU DiboHaYYl, T01aBaHHS
CJICMCHTIB yTBOPEHOI MATpPHIll [0 EJIEMEHTIB IOTOYHOI

Q("“)(x) -MaTpHIi, IICIS 9OTr0 y KOXKHOMY 3 ii yTBOPEHHX
€JIEMEHTIB I'PYIyIOTh BCi cxoxki noxanku. Hampuxian, amis
éﬁl)(x) =[(1) ﬂ Ta @2)(30 =B‘ (1)} HACTyIIHA MOJIiHOMiaIbHa

MaTpuid PiboHaUYI MATIME TaKUH BUTIIS:

0 (x) = 02 (x) - x0!" (x) =
[T ol-lo VL o8 2L A

det(0 (x)) =0+ (=x) =1-1=—1.

(12)

Ockinbku mosiHOMianbHi QU (x) -matpuii  PiGonauui

94acTO BHKOPUCTOBYIOTH JUIsl peaiizalii omeparmiid mudpy-
BaHHS JaHWX, TO aHAJOTIYHI OOEpHEHHI MAaTpPHUIl TaKOX
MOTPIOHO MaTH YISl 3BOPOTHOTO TIPOLIECY — PO3Mn(ppyBaH-

Hs JaHuX. [HTYiTHBHO 3po3ymino, mo mi Q" (x) -maTpmii

®diboHaudi MarOTh OYTH OOCPHEHUMH 10 MATPHUIH MIUPPY-
BaHHS JAHHX, SKI HA3BEMO 0OepHeHUMU NOTTHOMIATbHUMU

0. (x) -mampuysamu Dibonayyi. [TogibHO 10 MOTIHOMIAb-
HUX MaTpHILb MU(PYyBaHHS JaHUX, 00EPHEH] MOJITHOMIaNbHI
MaTpuii Pi0oHAYYI MAIOTh MATH TAKOX 3arajibHUN BUIJISIL.

Jlist 3HaxoKeHHsT 00epHEeHoi MaTpuil 2-ro MOpsIKy
BUKOPUCTOBYIOTh Takuil Bupas [24]:

qrofad] 1 [a-b
led] T ad-belmc al
Hanpuxknan, s Marpuii ®@ibonaydi @”(x)z[)f (1)} Ma-

et

Matputi (11) orpumaemo

3 +1 ]_ 1 I —x | |1 -
00w ] = et

(13)

eMo  Q;° "(x), a musa

Bomnouwac, qis 0-oi Marpuii didonayuyi é;‘”(x) = [(1) _lx}
1 01| _|x1 =)
o-(—x)-l-l[l —x}_[l 0}:’@ (x), 2 s
marpuui (12) orpumaemo
S, _|0 1 71_ 1 —x -1]|_|x1
< (x)"[l —X} _0-(—x)—1-1[_1 0}_[1 0]
ITokaxemo, 1110 MaTpUYHUI BUPa3
Q(")(X)XQ_(")(X) L, (14)

MOXXHa BHKOHATHU JIsA 6yI[L-$IKOFO 3HA4YCHHA n, 1€ 72“

maemo Q;”(x) =

OJIMHUYHA MaTpuls m=2-ro nopsaky. Hanpuknan, nius n=2
Ta n=0, oTpUMaeMo:

00 (0)x0,”(x) =1, =
j[x 1Ho 1}[x.0+1.1 X1+ (—x)}:[l o}
10 1 —x 1:0+0-1 1-1+0-—x) o1y
0" (0)x 0, () =1, =
3[0 l}{x 1}:[ 0-1+1-1  0-1+1-0 }:[1 0}
L=x|X|10]T|1-x+(=x)-11-1+(=x)-0|=|0 1|

3 HaBeJEHOI'O BHIIE MOKHAa 3pOOMTH TakKi BHCHOBKH.
[MocnimoBHOCTI TOTIHOMIAEHUX MaTpHIls DiOOHAYYI MOXK-
Ha reHepyBatu sK "Brepen’, Tak i "Ha3an" 3a BiIIOBITHUMU
PEKYPEHTHUMH MaTPUYHUMU CHiBBiTHOMEHHAMH. OTpuMa-
Hi momiHOMIiambHI MaTpurli PiboHAYYi 3 Bil'€eMHIMH HOME-
paMu MaioTh CBOi BIATIOBIIHWKH 3 JOJATHIMH HOMEpPAMH,
OJTHAK BOHU BXK€ € 00CPHEHWMH ITONIHOMIaJTbHUMU MaTpH-
mamu. | HaBmakw, oTpuMaHi 0OepHEHi MOJiHOMIaNbHI MaT-
puni ®idoHay4i 3 J0AATHIMH HOMEPaMH MalOTh CBOI BiAIO-
BITHMKH 3 BiI'€MHMMH HOMEpPaMH SIK 3BHYAlHI MOJIHOMi-
anpHl Marpuni. Sk s nomiHOMiankHUX Marpuip Pibo-
HaYYi 3 BiI'€MHUMH, TaK i JOJATHIMU HOMEpAMH MOJKHA BH-
KOHATH Jif0 MHOXXCHHS 3BHYAMHOI MaTpHIl Ha ii eKBiBa-
JIEHT — 0OEpHEHY MaTpPHII0, BHACIIIOK YOI'0 OTPHMAEMO OJIH-
HUYHY MaTpUIo, IO CBIIYUTH MPO MPABHIBHICTH IXHBOTO
OTPUMAHHS.

Sk BUIHO 3 MaTpUYHHX BHPa3iB (8), a TAKOXK 3 Pe3yIib-
TaTiB TPOBEACHOTO aHaTi3y IOCIITOBHOCTI IONIHOMIiah-
HUX MaTpurb PiboHaydi Bif 2-ro A0 5-T0 MOPSAKIB, HaBe-
JeHuX y poboTi [27], Tpamumiiauii miaxig 10 GpopMyBaHHS
CTPYKTYPH €JIEMCHTIB TaKMX MATpPHUIb MA€ NCSIKI HEAOMIKH,
OJIUH 3 SIKUX CTOCYEThCSI KUIbKOCTI (k) pi3HUX ii eneMeHTiB,
SKUMH € ToiHoMu PiboHayui He Buine (n—1)-ro creneHs.
Hanpuknan, mis marpuip @i0oHaqui Oyab-SKOTO MOPSAKY
(m) Takux pizHux nosiHomiB Pidonauyi Oyne Bcworo k = 3,
CTENIHD SKUX 3ajeXaTUMe TUIBKHA BiJ 7-01 MOCIIZOBHOCTI
noyiHOMianbHOT MaTpuri PidoHauYi (AWB. MaTpUYHI BHpa-
3u (15), (19), (20) gm (21) 3 pobotu [27]). Taka He3HauHA
iX KUIBKICTh € HE TUTPKM MaJOiH(OPMATHBHOIO Ta IMPO30-
POIO U KPUNTOAHATITHKA, ale i HECTIHKOIO MO0 KPHUII-
TOAHAI3Y.

3 orysiy Ha Taki 00CTaBUHM BB2)KaEMO 3a JIOLIbHE Jie-
o MoAMu(IKyBaTH CTPYKTYPY €JIEMEHTIB MOJIHOMIiaJIbHUX
MaTpuilp PiboHaUYi, KUTBKICTh SIKMX Majia O 3ajeaTu Ha-
camriepesi BiJl IXHBOIO MOPSIIKY (71) Ta HOMEpa IOCIi0B-
HOCTI moJriHoMianbHOi Marpuui (7). OKpiM 1boro, AJst po-
3yMiHHSI CYTi BHKJIAJCHOTO HI)KYE Marepialy BUKOPHC-
TaeMO He ctereHi moniHoMiB DiboHaudi, a iXHI HOMEpH 3
MaTeMaTHYHHX BHpa3iB (3), Hampukiax momizoMu FO(x)
up F)(x), HoMepu (1) KX CTAHOBUTHMYTb BiANOBiAHO 3 i

o

5. Tomi, nus Q" (x) -matpuni ®i6oHauyi m = 2-ro NOPSAAKY
if cTpykTypa eneMeHTiB Oyae He3MiHHOIO (15), TOOTO Kih-
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KicTh 11 Pi3HUX E€JIEeMEHTIB, SKUMHU OymyTh momiHoMu Dibo-
HAY4i HE BUINE #-TO HOMEpa, CTAHOBUTHUME kp = m+1 = 2+1
= 3. Boanouac, s O (x) -marpuui ®@idonaudi m = 3-ro
MOPSIAKY CTPYKTYPY €IEMEHTIB CIIPOOY€EMO AEII0 3MIHUTH B
OiK 30UIbIIEHHS KUIBKOCTI BHUIB MTOMIHOMIB 10 4-TO HOME-
pa. Lle o3Hauae, MO KiABKICTh PI3HUX €IEMEHTIB MaTpHIL,
SKUMU OyayTh mosiiHomu @Di0oHayyi, Tenep CTaHOBUTHME
ks = 3+2 = 5. AHaNOriYHO 3MIHUMO CTPYKTYpY €JIE€MEHTIB

X42x X +1 x

0? (x)- Ta Q? (x)-Marpuup Pi6oHauui BiAnOBiAHO 4-T0 i
5-ro mopsAKiB y Oik 301TBIIEHHS KiJTBKOCTI BHIIB iXHIX IMO-
niHoMiB @iboHauui BiAmoBimHO 10 4-TO Ta 5-TO HOMEDIB,
TOOTO KiJBKICTh Pi3HHX €JIEMEHTIB BKa3aHWX MaTpPHUIlh CTa-
HOBHUTHUME BIAMOBIAHO ky = 4+3=7 1 ks = 5+4=9. ¥ Bupazax
(15) ms QP (x) -marpuui diboHauyi B ii BEpXHIX eNeMeH-
Tax y Jy’KKax BKa3aHO 3HAYE€HHsS HOMEpIB iXHIX MOJIHOMIB
®dibonayui, 3arajbHa KiJbKICTh SKMX CTAHOBUTE k,, = 2m—1.

X 4+4x +3x X +3x7 +1 X +2x X +1

D 1.4 = 3 2
sz(x):[’lc 0} O (x)= 8 )16 (1) 202 (x) = 8 X J62x X x+1 ;lc :
0 0 1 0
4
X 46" +10x° +4x x®+5x  +6x7 +1 x° +4x° +3x x* +3x7 +1 ¥ +2x
=0 0 X440 +3x 0 X437+ X +2x 0 x4
07 (x)= 0 0 x4 2x X +1 X 5 (15)
0 0 0 X 1
0 0 0 1 0
(m+3) (m+2) m+1) (m) - (m-1)
0 (m+1) (m) (m-=1) - (m=2)
0% =| 9 0 (m=1) (m=2) - (m=3)
0 0 .0 x 1
0 0 0 1 (U
) 3) @ FO®x) FOx) FP(x) FP(x)
‘é(z)(x): F(Z)(x) F(l)(x) ) é(Z)(x): F O(x) i(z)gg 1;(1)83 -‘él(z)(x): 0 F(4)(x) F(S)(x) F(Z)(x) .
’ FO) FO0) = 0 FOG%) FOM)| 0 0 F((T)(x) F((l))(x) '
33 0 0 FY%x) FO%) ot
F(m+3)(x) F(m+2)(x) F(m+1)(x) F(m)(x) F(m—l)(x) 16
8) (7) (6) (3) 4)
FO@) FO ) FO0) FO) FO() 0 Feny Fmey Fe poagy| 19
= 0 FP(x) F(x) F'(x) F7(x) = (m=1) (m=2) (m-3)
QW= 0 0 FO)FO% FOw |00 m=| Y T
@) o : : . . . :
8 8 8 I;m(x) 1€<o>(x) 0 0 0 FPx) FY(x)
(x) (x) 5 0 0 0 F(l)(x) F(O)(x)

Bapro 3a3HaunTH, 110 BKa3aHi y MaTpu4HKUX Bupasax (15)
HOMepH TosliHOMIB Di00Hau4i CTOCYIOTHCS TINBKH 11 = 2-01
MOCITIZIOBHOCTI MOAN(DIKOBAHUX IOJTHOMIaJIbHUX MaTpHUIlb
®ibonayui m-ro mopsaaky. s Oimemmx HOMEpiB (n > 3)
MoudikoBanux marpuilb PidoHayyi Ta 1me 3 ypaxyBaH-
HSM IXHBOTO TIOPSAKY () HOMepH ixHiX moiiHoMiB Dibo-
Hay4i MaTUMyTh JEUI0 iHII 3Ha4eHHS. J{11 BCTaHOBICHHS
X HOMepiB moiiHOMiB @i00HAYUI PO3TIITHEMO MaTPUYHI

= (n) (n-1 =
@ = f) Frap [ 8=

F(n+4)(x) F(n+3)(x) F(n+2)(x) F(n+1)(x)
0 F(’”Z)(x) F(n+l)(x) F(n)(x) -

Bupasu (16), ne HaBelneHO elneMeHTH MOou(iKOBaHUX Mart-
purp OidoHaUYl m-TO TOPAAKY y BUIISL 11eHTH(IKATOPIB
BianmoBigHuX noJiiHomis MidoHayui mi1g 7 = 2-01 MOCIIiI0B-
HOCTI TOJIIHOMIaJIbHUX MaTpUllb. SIKIO X 3arajoM po3riisi-
HYTH BapiaHTH 71-01 MOCJIJOBHOCTI MOJHM(IKOBAaHUX IIOJIi-
HOMiaTbHUX MaTpuIlh PiOOHAYUI 7-TO MOPSIKY, TO HOMEPH
moniHOMiB Di00HAYYI MaTUMyTh 3HAUCHHS, SKi ITOKa3aHO
Ha MaTpu4yHHX BHpaszax (17).

F<n+2)(x) F(n+])(x) F(n)(x)

0 F(n)(x) F(ﬂ—l)(x) ;

0 F(n—l)(x) F(ﬂfZ)(x) -
F(n+6)(x) F(n+5)(x) F(n+4)(x) F(n+3)(x) F(n+2)(x)
0 F(n+4)(x) F(n+3)(x) F(n+2)(x) F("H)(x)

0"'w=| | 0 FmGy Foi 0= 0 0 FU() P FO) | (17)
0 0 FOD(x) FUd(x) 0 0 0 F"(x) F"’(x)
= 0 0 0 FUV(x) FU() |,

F(Z(rn72)+n)(x) F(Z(mfz)ﬂxfl)(x) F(Z(M72)+'172)(x) F(2(n172)+n73)(x) F(m+nf3)(x)

0 F(Z(n1—2)+n—2)(x) F(Z(m—2)+rz—3)(x) F(Z(m—2)+n—4)(x) F(m+n—4)(x)

‘é:l”)(x) _ 0 0 F(Z(rn72.)+nf4)(x) F(Z(m72.)+n75)(x) F(m+n.75)(x)
0 0 0 FP(x) F"(x)
0 0 0 FU(x) FU2(x)

Ha nux Bupasax BUIHO HacaMmIepea pO3MIIICHHS elie-
MeHTIB MaTpunb DiGoHawUi m-r0 MOPSAKY JUIs IXHBOT 71-01
MOCTITOBHOCTI, 8 TAKOXK HOMEPH BiINOBITHUX iIeHTH(]iKa-
TopiB moniHOMiB ®PiboHaudi (3), BOOHOYAC CTETEHI [IUX I10-
JTiHOMIB OYy/IyTh Ha OJUHUIIO MeHIe. HaBeneHa ctpykrypa
€JIEMEHTIB 71-01 TOCIIZOBHOCTI MOAN(DIKOBAHUX IOTIHOMI-
anpHUX Matpunb Pi0oHaYUi m-TO TMOPSAAKY Ma€ IiKaBy
BJIACTHMBICTh: MOXKHA YHUKHYTH BHKOPHUCTAHHS PEKYpEH-
THOTO MaTpPUYHOTO CHIBBIIHOIICHHS (9), a reHepyBaTH Bij-
nmoBinHI MoaudikoBani Matpui PiOOHAYYI TIIBKH 3a MOC-

nigoBHICTIO moniHOMiB ®iboHau4i (3) 3 HOMepamu Bix (n—
2)-ro 1o (2(m—2)+n)-ro, siKi MarOTh HEBHI Micls IXHBOTO
pO3TalllyBaHHS B MATpHUIl Ta HOMEpH 1i CTOBII, a came
Vje [0+(m—1)]. Hanpuxiaz, sSKIo MaeMo 3reHepyBaTu (n =
15)-ty mominomianeHy Matpuiro ®idonawdi (m = 10)-ro
MOPSIZIKY, TO 1 eleMeHTaMu OyayTh mojiiHoMu DiboHaqdi 3
HoMepamu Bif 15 — 2 = 13-ro no 2:(10-2)+15 = 31-ro. Y-
BOpEHA B TaKUH croci0O Moan(ikoBaHa IOTiIHOMiaThbHA MaT-
purst @i6oHaYY MICTUTHME TaKUX Pi3HUX MOTiHOMIB Di60-
Hauul ax kg = 2m—1 = 2-10-1 = 19 mr., 1110 3Ha4HO OLIb-
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1Ie, a Hixk ix 6ys10 6 a1 TpaauwiiiHoi cTpykTypu 04 (x)-
MaTpuis @idbonaqdi (8), ne mictunocs 6 Bcroro k = 3 piz-
HuX noixiHomu PiboHaydi.

Homepu moninomiB @i6oHAYYI, STKUM BiANOBIIaTUMYTh
eneMeHTH 7-01 MoAu(iKOoBaHO! MOMIHOMIATBLHOI MAaTpPHIlI
®diboHauyi m-r0 MOPSAKY, MOXKHA BU3HAYMTH 32 TAKHM JIO-
TYHUM BHPa30M

K — gm0 ()
K -{K,- _{k,{ 9 . ke

m—1,m—

Lm 1}, (18)

mm—1 =

.};i=0,m—1;k(”)
1

K

=2m-2)+n—-i-j, j=0,m-1,

Jzi

Jie [ Ta j — IHAEKCH BIANOBIIHO pPsAKa 1 CTOBIIS MaTpHIl
®ibonaydi. Hampuknaz, SKmo moTpiOHO 3reHepyBatd (n =
15)-ty mominomianeHy Matpumro ®idonawdi (m = 10)-ro
MOPSIZIKY, TO 1 eleMeHTaMu OyayTh moiiiHoMu DiboHaudi 3
HOMEpaMH, HaBEJCHHMH HIDKYE B TAONWIll, IO MOBHICTIO
BiJNIOBiJa€ BUKOHAHWM BHIIE pO3paxyHKaM. Y HaBeICHIN
TaOJIMII BUITHO SIK YITKY CTPYKTYpY eneMeHTiB Matpuili di-
OoHayui, Tak i Micue po3rairyBaHHs nojgiHoma Oidonaudi 3
BIJITIOBITHMM HOTO HOMEPOM Y KOXKHOMY ii JIEMEHTI.

Ta6auns. Homepu noninomie @i6oHaudi, sSKi BiAMOBIZATUMYTh
enemenTam Marpuni ®idonaudi

2 3 4 5 6 7 8 9

<

0 31 30 29 28 27 26 25 24 23 22
1 - 29 28 27 26 25 24 23 22 21
2 - - 27 26 25 24 23 22 21 20
3 - - - 25 24 23 22 21 20 19
4 - — - - 23 22 21 20 19 18
5 - - - - - 21 20 19 18 17
6 - - - - - - 19 18 17 16
7 - - - - - - - 17 16 15
8 - - - - - - - - 15 14
9 - - — — — — — — 14 13
Hwkye HaBeleHO IOCIIIOBHOCTI JEKIIBKOX MEepIINX

MOIM(IKOBAHKX IIOJiHOMIambHEX Of)(x) -MaTpunps Di6o-

HAY4i BiIOBITHO BiX 2-TO IO 5-TO MOPSAKIB, yTBOPEHi pe-
KYpEeHTHHMH MaTpu9HUMU criBBigHOmEeHHSMU (9) 1 (10),
eleMeHTaMU SKUX OyayTh BiamoinHi moiaiHomMu DidoHawdi
Bix (n—2)-ro mo (2(m—2)+n)-ro HOMepa, SAKi MOBHICTIO Bif-
MOBIIaTUMYTh HOMepaM moJiiHoMiB PiboHaudi 3 XHIX MmOC-
ninoBHocTel (3) un (4) BiAMOBIAHO.

2.1. Mexanizm ymeopenusa nociiooeHocmi moougpiko-
eanux noainomianvuux mampuys Divonauyi 2-20 nopao-
Ky. Po3riisiHeMo anroputM noOy10BU MOCIIIOBHOCTI MEPIITUX
8-Mu MoM(iKOBaHUX TOTiHOMIaMbHUX O4(x) -MaTpuib Di-
Oonauyi 2-ro mopsAKy sk "Briepen, Tak i "Hazan'", iXHIX BH3-
HAYHHMKIB 1 BiANOBIAHO 0GEPHEHMX MOJiHOMIiaNbHUX 05 () -

Matpuis ibonauyi. 3 HaBeneHNX MaTpUIHUX BHUpasiB (19)
BUJIHO, 110 €JI€MEHTaMH 71-0i MOAU(}IKOBAHOI IMOJIIHOMIiaJIb-

HOi OV")(x) -Marpuwi @i6oHayuyi "Brepen" € BiANOBIAHI MOi-
Homu DiboHaudi Bix (n—2)-ro mo0 n-ro HoMmepa (Vne {3+8})
3 ixHp01 mochinoBHOCTI (3). Bogrouac, 3 Bupasis (20) Bua-
HO, IO eJeMEeHTaMH 71-01 MOJU]IKOBaHOI MOIiHOMIaIBHOT
Q(”)(x) -marpuni ®iGonaudi "Hazan" € nomiromu diGoHaudi
Bix —n-ro a0 (—n—2)-ro Homepa (V-ne {-3+-8}) 3 ixHBOI
MOCIiTOBHOCTI (4).

Jlns HemapHoi momiHoMianbHOT OV)(x) -Matpuni dibo-
Hayvyi 11 BU3SHAYHKUK CTAHOBUTH OJAMHUIIS, & IJIs TAPHOT — Mi-
HYC OJIMHHI, 10 MOBHICTIO BignoBinae ¢popmydni (7). Box-
Houac, BCi oOepHeHi nosiHoMianbHi Q7" (x) -maTpuii Di-
Oonauui BiamoBimatoTe MartpuuHoMy BHpasy (13). Ilpa-
BIJIBHICTH OTPUMAHHS SIK MOIU(IKOBAHUX TOTIHOMIaTbHIX
O(x) -Marpuup PiGoHAYYI, Tak 1 XHIX 0OEPHEHUX eKBiBa-

JICHTIB TIepeBipeHa MaTpudHIM BHpa3oM (14), omHak Terep
BxKe 1 4-01 MoauikoBaHOI moliHOMiaBEHOT MaTpwIli Dibo-
Hayyl (auB. (19) — ocraHHIll MaTpU4HUN BUpa3), BHACHIIOK
BUKOHAHHS SIKOTO OTPHMAHO TaKOX OIMHUYHY MATPHIIIO.

04/*(a) =x087) + 04w det @4 0) = (7" D x G = ¢

o'w=] Loy 1]
0(x) = 000 + 0 = x| ¢
k

000 =20+ 0P =x |

det(Q(z)(X)) 100w -=[{ L]
; det(09(x) = 1; 0;9(x) = [

—X
—x x24+1)

J

0%9(x) = 20} 3)(x)+Q(2)(X)=X[x2x+l +[’f é}{xx?ff‘ ¥ “} det(04"() =~ 1: 0(v) = L 2 (fsz :;x)}

0P =308+ 08 =| ¥ 532 g @ = 050 =| (5 S
e s A IO N e N
@”(x) = x0() + 0(x) = :xé MM } det(0f") =t 057 = {_(;‘: PRI ?1}
0= 300w+ 000 =| 3 T B = SR S

det(OP () =—1;

Q(4)(x)><§’(4)(x) _| ¥ +2x x2+1 _
2 2+l x

Amnamizytoun matpuuHi Bupasu (20), yTBOpeHi 3a Tak

3BaHMM PEKYPECHTHUM MATPUYHHM CITiBBIIHOLICHHSM '"Ha-
3an" (10), BumHO, 110 AesKi MOAM(IKOBaHI MOJIHOMIATbHI

—-X

2
}{ ] x“+1

X241 —x3—2x

O0)(x) -Matpuni PiGoHAYYl, TXHI BU3HAYHUKH 1 BiIIOBIIHO
&

0oOepHEHI EKBIBAJICHTH MAalOTh CBOI BIAMOBIAHUKHA Yy MaT-

puuHuX BUpasax (19), yrBopeHHX 3a Tak 3BaHUM pPEKypCH-

THUM MaTpUYHUM cHiBBigHOmEHHsM "Briepen” (9). MmeTs-

3 +20)(=x) + (x> + D2 +1) (3 +2x0)x2 +1) + (x% + D)(=x> - 2x)
2+ D(=x) + x(x> +1)

o)

¢ npo MoaugikoBaHi nogiHomianbHi Q4 )(x) -marpui Di-

(% + (% +1) + x(—x> - 2x)

OoHayul 3 BiI'€MHUMH 3HAYCHHSIMHU TXHIX HOMEpIB 1 IXHIMHU
BIZIPOBITHUKAMH 3 TOJATHIMHU 3HAYCHHSIMH iXHIX HOMEPIB:
é“”(x) & 5%0: 0 & 0P
) & 000 &7 & 0Pw:
Qz( ) & G0 5P o 0P w);
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0 & B9 GV & 0
090 & 079 O & 010 ;

090 & 0,70 00w & 0();
079w & 0;9: O & (),

3 nux BHpa3iB BUAHO, IO 3BHYAWHINA TOJIHOMIaNbHIHN
éz(")(x) -marpuni @i6oHaudi 3 Bil'€eMHIM HOMEPOM BipOBi-
Jae obepHeHa moiHoMiambHa 05 (x) -Matpuui DiGoHawui
3 mojatHiM HoMepoM. BomHouac, oOepHeHi# momiHoMianb-

Hiit O, )(x) -Marpuui ®iGoHaYUl 3 TUM CaMHMM BiJI'€MHUM

HOMEpOM BijipoBijiac 3pMuaiiHa nomiHomianbHa OV)(x) -mat-

purst @iboHaydi 3 aHATOTIYHUM JOdaTHIM HOMepoM. [Ipu
[[bOMY iXHI BU3HAYHHKUA B 000X BHIAQJKaX € OJHAKOBHMHU.
Ie cBimunTH TPO TE, MIO TOCTATHHO MATH TAOJHUIIO BiAIO-
BITHOCTI 3BHYAaWHUX 1 OOCPHEHUX IOTIHOMIAJBHUX MaT-
puip Pi6OHAYYI 3 TOAATHIMH 1 BiT'€EMHUMH HOMEpPaMH, 3re-
HepyBaTH IXHI NOCIHIZOBHOCTI TiJIbKH, HAIPHUKIAL, 3 JI0JaT-
HIMH HOMEpaMmH i, 3a moTpedu, MOXKHA Bifpa3sy MaTH iXHi
BIJINIOBITHUKK 3 BII'€MHHMH HOMEpaMmH. SIK BUSIBUTHCS
HIDKYE, TaKe MPUITYIICHHS TOAUTHCS TUIBKH JUIS TIOJTIHOMI-
anpHUX MaTpuIlh Pi00HAYYI TITBKH 2-TO TOPSIIKY .

08 () = 08 (x) ~ x0§(x); det(05™(x)) = (= 1)"; 05 (¥)x 05 "(x) = I

Q(l)(x)z[ } Qﬂx):[l (1)}
0(x) = 0P(x) - xQ(l)(x):[x 1
Q(-U(x) Q(])(x) XQ(O)(X) [(1) }_x[o 1

,_.
|
=
[
1l
|—|
—

—x x?+1

1 —x —x

05209 = 00 -x05 " =| § L |-
det(0§2(x)) = ~1;
05() = 05 V() ~ x 052 (x) =
= 4 2 3
0; 0 = [" I } & 0P

-3 +2x)  x*+3x%7+1
7x4 +3x2 +1 —(x° +4x3 + 3x)

1 —x —x

05 9(x) = 052 (x) - x0§ V() =

det(0§ () =-1;

= = 4 2 5 3
D) = 0 — vy | X3+ (7 +4x7 +3x)
0r () =0 "(x) =205 7(x) | —(% +4x3 +3x) x®+5x* + 637 +1
det(057(x)) =L

] & 00w @ =1 000 = | 7 § |
}(:) 0;9(); det(Qz—l)(x)) ; Q"(‘”(x) [x +1 x} - Qm );

)C2

x[—x x2 +1} :[xz +1 (3

[ - x2+1 _
| —x x?+1 X2 +1 (% +2x)

> = S+ 4x3 +3x x4+ 3x2+1 =
}@Q;G)(x);Qz( 4’(x>={x4 e TR }@Qéé)(x);

0(x);

+1

;! ZXJ & 0:00; 05 V0) = {’;J o 1} & 0

+1 X

2 3
[ R 3;22?1}@@%), det(@ () =1;

(20)

x*+3x+1 x°+2x

6 4 2 5 3
}@sz(x) Q-( 5)( )= {x +5x7+6x"+1 x° +4x +3x}<:>Q(7)(x);

X +4x3+3x X +3x%+1

SOy — DI | AP +30) xS+ 5t 6% +1 ®
0" (=070 ~x0 ") | X6 +5x% +6x% +1 —(x7 +6x° +10x° + 4x) g Q2 ;
= = 7 5 3 6 4 2
O —— 1. 9O — | X +6x° +10x° +4x x°+5x" +6x° +1 (g)
det(©y ") ==L 07 { X0+ 5x* +6x2 +1 x% +4x3 + 3x 3

G570 = 090 - 205 O =|

x0+5x* +6x2 +1 —(x +6x° +10x° +4x)
—(x7 +6x° +10x3 + 4x) x¥ +7x0 +15x* +10x2 +1

} det(Q§ () =1;

+7>(x)_{x8+7x F1564 41062 41 37 +6x° +1083 +4x |
() =

X7 +6x° +10x3 + 4x

0590 = 05O (x) - x0F " (x) =

x0+5x* +6x2 +1 }’
—(x +6x° +10x° +4x) X8+ 7x0 +15x* +10x% +
x +7x0 +15x* +10x% + —(x? +8x7 +21x° +10x> + 5%)

} det(0§ () =-

éifs)(x)z{x9+8x + 215 +10x3 + 5x x4+ 7x0 +15x* +10x2 +1];

x84+ 7x0 +15x% +10x2 + 1

2.2. Mexanizm ymeopenna nociiooeHocmi moougpixo-
éanux noninomiansnux mampuys Pivonauui 3-20 nopao-
Ky. PosrnmsHemo anroputM moOynoBu "Bmepen' MOCHiIoB-
HOCTI Tepmmx 8-Mu MOAN(DIKOBAHUX TMOTIHOMIaIBHIX

OV)(x) -Matpuup Di6OHAYYI 3-TO MOPSIKY, iXHIX BU3HAUHH-
KiB 1 BiMOBiZHO 0OepHEHUX MosiHoMianbHux 05 (x) -mat-

purp GidoHayHi.
Jlis 3HaxomkeHHs o0epHeHoi Marpuil 3-ro MopsiiKy
BHUKOPHCTOBYIOTh TaKUil MaTpU4HUH BUpa3 [24]:

X7 +6x° +10x3

+4x

fh ch—bk bf —ce

ek —

fe—dk ak—cg cd—af |,

dh—eg bg—ah ae—bd
1

. ;bc
_g;e,{; detA

ne =
det 4

21

—_

aek + bfg + cdh — ceg — bdk — afh’

Hanpuknan, nois 2-0i moninomiansnoi Q4 (x) -mMarpumi

®ibonaydi 3-ro mopsAaKy (muB. MaTpwdHi BHpasu (19)) ii
00CpHEHHMI eKBIBAJICHT MaTHUME TaKUI BUIJIS:

— S x| 1 1 1
0D () = 1l - — —_ .
07 (x) 0 X > 3 2 _ _ 3 — 2 3 >
0 1 0 detA (¥ +2x)-x-0+(x"+1)-1:0+x-0-1-0-0-x—1-1-(x" +2x)—=0-0-(x" +1) X +2x
- 1-(x-0-1-1) —1-((x* +1)-0—x-1) 1-((x* +1)-1-x-x) -1 x 1
0 (x)=]-1-(0-0-1-0)  1-((x* +2x)-0—x-0) —1-((x*+2x)-1-x-0) |=| 0 0 —(x*+2x) |;
1-:(0-1=x-0) =1-((x> +2x)- 1= (x> +1)-0) 1-((x’ +2x)-x—(x* +1)-0) 0 —(x'+2x) x*+2x°

-1
0

Q) =00 =

X+ 2x

0 —(x°

x 1 1 -Xx -1
0 —(xX*+2x) |= X42x X 42x X +2x |
+2x) x'+2x° 8 (]) !

—X
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3 HaBeJCHUX MATPUYHHUX BUpa3iB (22) BUIHO, IO eIre-
MEHTaMH #1-01 MOIM(iKOBaHOT TOTIHOMIaIBHOT é;(")(x) -Mart-
puni @idonaydi € BixmosinHi momiHomMu PiboHaTHl Big (n—
2)-ro 1o (2(m—2)+n)-ro HOMepa (Vne {3+8}) 3 ixHBOI mMOC-
migoBHOCTI (3). BogHowac, m1st #-01 IOCTiIOBHOCTI TOJTiHO-
MiaJIbHUX @")(x) -marpunb Pibonauui 3-ro mopsaky ix
BU3HAYHUKH MOYKHA OTPHUMATH 3a TaKOI (POPMYIIO

det(Q{" () = (=" F ()
TOOTO BiH € BiAMOBiAHUM mojiiHOMOM ®DiboHauui (n—1)-ro
CTEICHS, SIKMH BPaXxOBYE 3HAK MAapHOCTI /1, IO 30BCIM BiJ-
pizHseTbes Big Gopmynu (7). Bei obepHeHI moniHOMiaIbHI

07" (x) -mMatpuri DiGoHa4yi 2-To MOPSAAKY BiATOBIAAIOTH

MaTpu4HOMY Bupasy (21), BoxHOYAC SIK ISl BUIUX MTOPSII-
KiB IIel BUpa3 HE TOJUTHCS.

53(71+1)(x) — xé}(n)(x) + @nfl)(x). det(é}(ﬂ)(x)) _ (_ )n+1F(n+2)(x). xé}(n)(x)x xé;(n)(x) _ ?3

—X

00) = 0P (x) - xO(x) = {o 0 1] det(00(x) =— x, 0y O(x) = {
01

_ _ _ 241 x
Qs‘”(X)=Q3‘3)(x)—XQ§2)(x):[x 0 O}’det@;“(x» G =| L
0

01

2x x2+1 x

_ _ _ 34
0700 =x0"() + 0(x) = [x 0 x
0 1

0
1 —X -1

/x =1-1/x
X 1 |;
0 1

0 0 1
1 —X -1
+2x X3 42x X3 42x

3

01 det(0P(x) = (o +22); P = | x 0 0 rex);

0 1 -X
1 —X -1

= = - (x4 +3x2+1 X3 +2x x2+1 _ _ = = —
09(x) = x0P(x) + OV (x) = 0 2+l x [3det@@P)=x*+3x2+1, OO (x) = det(% () det(Qf () det(E7(x)) |;
0 1 -X
B ' 0 —x x?+1
_ -1 b 1
= = - X443 x +32 41 P20 | =5 = =4
09(x) = x00(x) + 0P (x) = 0 B2 x4l | B0 = det(Q3 (x)) det(™(x)) det(Q3 () |,
0 x?+1 X —x x2+1
B 0 x2+1 —(x* +2x)
det(OP(x)) = ~(x + 4x> + 31);
_ 1 -X -1
= = - XO+5x* +6x% +1 X +4x3 +3x ¥ +3x2+1 _ =5 =5 =5
09(x) = xOP(x) + OV(x) = 0 3+l P+ (00w = det(Q () det(Qs (x)) det(Q () |, 22)
0 ¥+ 2x ¥ +1 X2+l —(x +2x)
0 (3 +2x) x*+3x%+1

det(QO(x)) = x° + 5x4 + 632 +1;

— — — [x7 +6x5 +10x3 +4x x6+5x% +6x2 +1 x5 +4x3 +3x —
93(6)()0 = xQ}S)(x) + Qs(4)(x) = 0 X+dd+3x x* 32 +1 ;det(Q}G)(x)) =—(x7 +6x° +10x° + 4x);
L 0 x*+3x% +1 X3+ 2x
-1 X 1
0O = det(Q3(6)(x)) det(Q;@(x)) det(0{(x))
—(x + 2x) x* +3x% +1
0 X302+ 1 (0 +4x3 +3%)
— — — x84+ 700 +15x* +10x2 +1 x7 +6x° +10x3 + 4w x0 +5x* + 6x2 +1
Q3(7)(x) = pr@) + Qj(s)(x) = 0 X0+ 5x* +6x2 +1 X+4d+3x s
0 x5 +4x3 +3x x*+3x% +1
1 -X -1
0 ) =| det(@V@)  det(@V()  det(0@) |: det(DD(x)) = x8 + 76 +15x% +10x2 +1;
0 232 +1 (2% + 4+ 3x)
0 —(° +4x3 +3x) x®+5x* +6x2 +1
_ _ _ X +8x7 +21x% +20x3 +5x x8+7x0 +15x* +10x% +1 x7 + 6x° +10x> +4x
09(x) = x0{(x) + O (x) = 0 x7 +6x° +10x3 + 4x X0+ 5x4+6x2+1 |3
0 X0+ 5xt +6x2 +1 X%+ 403 + 3x
-1 X 1
0-®(x) = | det(QP(x)  det(O¥(x)) det(OP(x)) - det(0®(x) = —(x° + 87 + 2155 + 2053 + 50):
gr 0 O +43+3x) O+t rexi+l | @570 =~ )
0 X045t +6x% +1 —(x7 + 6x° +10x3 + 4x)
_ _ _ X110+ 98 +28x0 +35x* +15x% +1 x% +8x7 + 21x> +20x3 + 5x x8+7x® +15x* +10x% +1
0(x) = x 0P (x) + O(x) = 0 W70 1002 +1 KT+ 1083 +4x 3
0 x7+6x3 +10x7 + 4x x0 +5x* + 6x2 +1
1 -X -1
07O =| det@(x)  det(Q”(x)) det(0;”(x)) £ det(Q(x)) = 10+ 0x® + 28x6 + 3554 +15x7 +1.
0 X0 +5x% + 6x2 +1 —(x7 + 6x° +10x3 + 4x)
0 —(x7 +6x° +10x% + 4x) x3+ 7x0 +15x* +10x2 +1
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0" 1) = 0" V() = X0 (x); det( (1)) = (= 1) F(); OF ()} 05 () = {

0
1
-x

_ _ _ 10 1
Q;"D(x):Qj(l)(x)—ij(o)(x):[O 1 —x

_ _ _ 1
00) = 020 — xO(x) = {)oc 0
01

0 —x x“+1
= - _ 0 1 —x
09(x) = 00x) - x0T () =[ 0 —x  x2+1
0 x2+1 —(x*+2x)

} 1 det(Q"() == x: 0709 = {

O~ O

0
0f
1

1
0
0
1/x-1-1/x
0 x 1
0 1 0

}

—X

X 1

_ _ 1 -1
} det(Q (%)) =1; Q;“”(x):{o ¥ +1 x }
0

 det(Q2(0)) = 0, 0 V() = &

_ _ _ 1 —x x> +1 _ _ 1 —x -1
070 =00 -x0P) =0 x*+1  —(3+2x) [;det(OTV@) =50 =|0 x*+3x2+1 x* +2x |;
10— +2x) x*+3x%+1 0 xX*+2x x*+1
- -1 1
R ) 5 ol PSR ) 54 X ! X
- -t _ - _ 3 4 2 . — | x X .
GW=0"0-xg W= 0 420 xP+32+] et =6 G0 =] 0 s a3 30 4324

| 0 X 4+3x2+1 (X7 +4x° +3x)

—(® + 4x3 + 3x)
X0+ 5x% + 6x% +1

—(x7 +6x° +10x3 + 4x) x3+7x0 +15x* +10x% +1

0 x*4+3x%+1 xX+2x

(S +4x° +3x) |; det(@’s)(x)) =x*+1;

: det(QO(x)) = x3 + 2x;

x0 +5x* +6x2 +1
—(x7 +6x° +10x3 +4x) |;
(23)

; det(0F () = x4 +3x2 +;

_ _ - 2+l (¥ +2%) xt+3x2+1
0% =0 () -0 =| 0 Xt +3x2+1
| 0 (" +4x+3x) x®+5x* +6x2 +1
-1 —Xx -1
-y — | X2 +1 x2+1 x2+1 .
877 0 xO4+5x*+6x2+1 X +4x3+3x |
0 X4 +3x 3% +1
— — — (¥ +2x) x*+3x2+1
Q}fﬁ)(x) = QJ'H)(X) - X‘Qg(fs)(x) = 0 —(x® + 4x3 + 3x)
0 X0+ 5x* +6x% +1 —(x7 +6x° +10x3 + 4x)
= x 1
é_(_@(x) —| X+ 2x X3+ 2x X3+ 2x .
0  x7+6x°+10x° +4 x+5x*+6x2+1/
0 x0+5x*+6x2+1 X +4x3+3x
— — — xt+3x2+1 (% + 4% + 3x)
O (x) = 07 (x) - x 0 O () = 0 X0+ 5x* +6x2 +1
0
-1 -X -1
é{”(x) | x*+3x2+1 x*+3x2 +1 Xt +3x2+1
0 x84+ 7x0 +15x* +10x% +1 x7 + 6x° +10x> + 4
0 x7 4 6x° +10x3 + 4x X0+ 5x* +6x% +1

—(x° +4x° +3x)

O () = 00 (x) - x 0 (x) = 0 —(x7 +6x° +10x3 + 4x)
0
-1 X
Q*(*S)(x) | x> +4x3 +3x X3 +4x3 +3x
0 X+ 8x7 + 21 + 2003 +5x xS+ TxC+15x* +10x2 + 1|

0 x84+ 7x0 +15x* +10x2 +1

2.3. Mexanizm ymeopenHusa nociioo8Hocmi moougiko-
eanux noainomianvnux mampuys Divonauyi 4-20 nopao-
ky. PosrimsHemo anroputm moOymoBu "Brepen” MOCHIIOB-
HOCTI mepmux 8-Mu MOJAM(IKOBAHMX MHOJTIHOMIAIBHUX

0Y(x) -Matpuib Di6OHAYYI 4-TO MOPSIKY, iXHIX BU3HAUHH-

KiB 1 BiAMOBiZHO 00epHEHUX MosiHoMianbHux Q) (x) -mat-
punp @iOoHauvi. 3 HaBeJAECHHX MaTPUYHUX BHPa3iB (24),
(25) 1 (26) BugHO, IO eNEMEHTAMH /-01 MO (IKOBAHOT ITO-
JinoMianbHOT O”(x) -MaTpui Pi6oHauyi € BiAMOBimHI 1O-
ninomu PidoHaudi Bix (n—2)-ro no (2(m—2)+n)-ro Homepa
(Vne {3+8}) 3 ixupoi mociinoBHoCTi (3).

OCKIJTBKH TYT Ma€eMoO cIpaBy 3 marpumsaMu PiboHaudi
4-ro MOPSAIKY, TO Ui OOYUCICHHS TXHIX BU3HAYHUKIB I10-
BOJIUThCS BUKOPHCTOBYBATH CIICI[iabHI MaTeMaTH4HI Me-
tonu [24]. Hampuknaa, NDIsIXOM PEKYPCHBHOTO OOYHCIICH-
Hsl BU3HAYHHKIB 4epe3 MOHKEHHS IXHbOTO IOPSIKY, SKUH
Ha3MBaIOTh po3uIMpeHHsM Jlammaca, 3a JOIOMOIO0 airo-
purmy bapetica (aurn. Bareiss algorithm) un dopmynu

X0+ 5x* +6x% +1

—(x7 +6x° +10x> + 4x)
S+ T+ 15 +10x% +1 |;

X+ 7x0 +15x% +10x% +1 —(x° + 8x7 + 21x° + 20x3 + 5%)

-1

X7+ 4x° 4 3x : det(Q9(x)) = x5 + 4 +3x.

X7 +6x° +10x3 + 4x

Jleitonina (aurn. Leibniz formula). Haramaemo, aaroputm
E. Bapeiica — anroput™ 00YMCIICHHS BU3HAYHUKA MATPHIII 3
[UTOYHCETEHUMH 11 €IeMEHTaMU [IUIIXOM MPUBEICHHS ii 10
CTYMIHYACTOr0 BUIIISAY 3@ JOMOMOIOI0 BHHSATKOBO IIIJI0YH-
cenbHOT apudMeTuku. TyT mif [MITOYUCETbHIMU €JIeMEHTa-
MU PO3yMIIOTh SIK YHACIIOBI, TaK 1 OyKBEHI 3HAYEHHSI CJIIEMCH-
TiB MaTpHIIi, B T.4. § MaTeMaTH4Hi Bupas3u. byap-sake mineH-
Hsl, 110 BUKOHYE allTOPUTM, FAPaHTy€e TOYHE JIIICHHS 0e3 3a-
JIUIIKY. AJTOPUTM MOKHA BHUKOPHCTATH TSI OOYHMCIICHHS
BU3HAYHWKA MATPUII 3 (MIPUOTU3HUMHU) NiHCHIMH CIIEMCH-
TaMH, 110 BUJIYYa€ MOMUJIKH OKPYTJICHHS, 32 BUHATKOM I10-
MUJIOK, 1110 B)KE MPHUCYTHI y BXITHUX JaHUX.

Jlnst obuuncieHHsT 00epHEHOI MOIHOMIATBHOI MAaTpPHIl
®ibonayui 4-ro i OUTBPIIAX MOPSAKIB TaKOXK ITOBOIHUTHCS
BUKOPHCTOBYBATH BIJIOBINHI MaTeMaTu4Hi meromu [24],
Taki s’k MeToa MoHTaHTe, MeToJ emiMiHaliil ['ayca-J[xop-
nana (aurn. Gauss-Jordan elimination), a TakoX 3a JOIO-
MOT0I0 aTOrOBaHoi MaTpuMi (aHrd. Adjugate matrix). Ham-
puKiIan, MeTo MOHTaHTE — METO/I JIHIHHOT anreOpu, mpus3-
HAYCHUI ISl PO3B'sI3aHHS CHCTEMH JIIHIHHUX PIBHSIHbB, 3HA-
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XOJUKEHHS OOCpHEHMX MaTpullb Ta BH3HAYHMKIB. Mertox
Ha3BaHO B 4eCTh Horo mnepiosiakpusaya Pene Mapio Mon-
taute [apno (anrn. Rene Mario Montante Pardo). Yioro
TOJIOBHA OCOOJHMBICTH — MPALOE, BUKOPUCTOBYIOYH BHHST-

Bci 3a3HaueHi BUIIe METOAM Ta aJTOPUTMHU 3HAXOKEH-
HSl SIK BU3HAYHHKIB, TaK 1 OOUMCIICHHS] OOCPHEHUX MaTPHIIb,
B T.4. i Marpups PiboHauyi, AETATBFHO OMHMCAHO B MEPExKi
[HTEpHET, TOMY B LIbOMY IOCIIUKEHHI He OyneMo 3ocepe-

KOBO LIJIOYUCENbHY apu(DMETHUKy JUIsS LIJOYMCEIbHUX YM  JOKYBAaTH yBary Ha ixHiil po0OoTi.
CHUMBOJIBHUX MaTpHIlb, IO JIa€ 3MOTY OTPHMYBATH TOYHI

pe3yNbTaTh B KOMIT'IOTEPHUX Peatizallisx.

0" (x) = x0{(x) + 0" (); det(0"(x)) = (— 1y F ) x); O (1) x 0 (x) = L

—X —(x%+1 1
= = = [ 42¢ 2 +1 x 1 = = x* +2x2 x‘(‘+2x2) x4+]2x2
00 =07m-x0m= § & } 9 det@Ow)=-*+2 0= ¢ L
L 0 0 1 —x 0 5 X ¥
0 0 1 0
x2+1 —(x* +2%) -1 X
_ _ _ (x4 432 +1 ¥ +2x X2+1 x| _ A0, HO, 0] =0
@1)00 _ @3)()6) _ x@2>(x) _ 8 X20+ 1 )lc (]) : Q_(l)(x) _ det(% ()C)) det(% (x)) det(%c (x)) det(% ()C)) :
2 2 2
L 0 0 0 1 0 X 0+l X 1+1 X 0+ 1
0 0 0 1
det(0{)(x)) =x° + 4x* + 4x? + 1;
(3 +2x) x*+3x%+1 X —(x%+1)
_ _ _ (x5 +4x3+3x x4 +3x2+1 B +2x ¥2+1] _ ) e () ()
@2)00 — x‘Qfl)(x) n ‘Qf(»(x) _ 8 x3 _6 2x xZ +1 )lc "Ql—(z)(x) _ det(% (x)) det(‘Qlt (x)) det(gtx (x)) det(gtl (X)) :
L 0 0 )lc 0 0 x340-2x x340-2x x34[2x
0 0 1 -x

+6x° +11x* + 6x2);
XO+5x* +6x2+1 XX +4x3 +3x x*+3x2+1 x¥ +2x
0

det(0P () =- (x*

00(x) = x0P(x) + 0 (x) = 0 Al ke L eQ00) = 210+ 8x + 226 + 240t 4 927 4 1
L 0 0 X
X324+ (0 + 4 +3x)  —(x%+)) X3+ 2x

det(0P()  det @) det(Q00) det Q) |

0% = ;
4 2 4 2 4 2
0 x +%)x +1 x +?1x +1 x +_3))§ +1
0 0 -X x2+1
_ _ _ x7 +6x° +10x3 + 4x x° 455x4 -t;6x2 +1 x54+ 4x42+ 3x x* -|§3x2 +1
09(x) = fo)(x) +0P(x) = 8 x>+ 46 +3x  x ;3_ ix2x+ 1 xx2++21x . 4)
0 0 x2+1 b
—(x +4x3 +3x) x+5x* +6x2+1 X+2x —*+3x2+))
= det(0;"(x) det(Q(x)  det(Q{"(x)  det(Q}"(x)) -
0, Y(x) = 0 Q‘ X -1 ;det(OfP(x)) = —(x"2 +10x10 + 37x% + 62x° + 46x* +12x?);
+a3+3x X +43 +3x x5+%x3+3x
0 0 =X x7+1
0 0 x2+1 (x> +2x)

AT+ 15x* +10x2 +1 x7 +6x° +10x° +4x x0+5x* +6x2 +1 x° +4x* 4+ 3x

09+ = vOP A3 () — 0 xO+5x +6x7+1 X +dxt+3x xF 32 +1
Q (x)_x 4 (X)+Q4 (X)— 0 0 x4+3x2+1 x3+2x s
0 0 X34 2x x2+1
XO+5x +6x2+1 —(x7+6x° +10x° +4x)  —(x* +3x2+1) X% +3x3 + 2x
_ det(0(x) det(0() det(0(x) det(0)(x)
07900 = 0 ~x i
x0+5x* +6x%2+1 x6+5x‘2‘+6x2+1 x6+5x§+6x2+1
0 0 x7+1 —(x” +2x)
0 0 —(x3 +2x) x4 +3x% +1

det(0(x)) = x1* +12x1% + 56310 + 128x® + 148x6 + 80x* + 162 +
X0 4+ 8x7 +21x% +20x7 +5x ¥+ 7xC +15x* +10x2 +1 x7 4 6x° +10x> + 4x x0 4+ 5x* + 6x2 +1

7O — v 1) — x7 4 6x° +10x3 + 4x X5 +6x2+1 XK +4Ax +3x .
07 () = X070 + 07 () = 0 0 Pracdtei xteal4l |
0 0 x*+3x2+1 X3+ 2x
(7 +6x° +10x3 +4x) x4+ Tx0+15x* +10x2+1 X +43+3x (0 +5xt+6x2 +1))
_ det(0(x) det(0(x)) det(0(x)) det(0;"(x)
Qﬁﬁ)(x) = 0 T -X =1 :
X7+ 6x5 +10x3 + 4x x7+6x53+10x3+4x x7+64x5+19x3+4x
0 0 —(x” +2x) X +3x°+1
0 0 x¥ 43241 —(x® +4x* +3x)

det(O0(x)) = —(x'6 + 14xM + 79x12 + 230x10 + 367x® +314x5 +130x* +20x);
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5

FO(x) -FUO%x)  —FD(x) F®(x)
_ _ _ F(l(l))(x) F((l(;)(x) Fg;(x) Fg(x) _ det(0{"(x)) det(O{"(x)) det@(g)(x)) det(0§"(x))
0 0 F(G)(x) F(5)(x) 0 0 F(s)(x) —F(G)(x)
0 0 -FOx)  FO(x)
det(0(x)) = '8 +16x'6 +106x™ +376x'% + 771x1° +920x% + 610x6 + 200x* +25x2 +1;
—F10(x) FUD(x) F®(x) —FO(x)

FO(x) FOO(x) FUO(x) FO(x)

4
1

det P () det(@P(x) det@P(x)) det(@P(x))
-F(x) .

(26)

= = = (10) FO) F(S)(x) =_ -
)= x 0P + 0O =| 0 FM FOX) 0:9(x) =
0,7(x) = x0;"(x) + 03 (x) 0 0 F(j)(x) F(?(x) 0,7 (x) 0 Fi0 FOy) FiO )
0 0 FOx) FO) 0 0 —FO(x) FO(x)
0 0 FO(x) -F®(x)
det(OP(x)) = —~(x2 +18x"8 +137x'0 + 574x" +1444x'% + 2232x'0 + 2083x% +1106x° + 295x* + 30x2).
@n—l)(x) — @nﬂ)(x) _ x@n)(x); det(Qf”)(x)) — (_ 1)n+l\F(n+l)(x); @n)(x) X Q‘_(")(X) _ 74;
R %ﬂ 3 i 1 2_7411
= _ = = = = X X X
00 =000 -x0"m = § o9 L |Ldetd M) =x2+1 0= "0 S
v 42 0 0 x"+1 x
0 0 -xx"+1 0 0 M 1
x1 0 1
. = = 00 1 —X Il .
0770 =0"0-x0"®W =00 _y 241 |eQI@) =00 =2
00 x2+1 —(x*+2x)
(10 1 o 10 —(x>+1)  -x
) = D) — yO D =| 01 X X+ DO =1 0V = | 0 X -1
g (X)—Q4 (X) XQ4 ()C)— 00 x2+1 _(x3+2x) ,det(Q4 (X))—l,Q4 (X)— 00X4+3X2+1X3+2x >
_00—(x3+2x) x 432 +1 00 x*+2x x*+1
[0 1 —x 2+l
= = = . _ 2 1 (3 2 = =,
0 W =07 W-x0 W= o |51 Ay @ =00 w=2:
10 0 x*+3x2+1 —(x° +4x° + 3x)

I L X 3 A) @042
= = = | x2+1 —(x* +2x) x2+1 x2+1 xr+1
O =00 - x0y () =0 x2+1  ~(x3+2x) xt 43241 |, 54_(_5)()0 =|0o 1 - -

_ 0 0 43241 (P +43+3x) 241 X241 2 +1
det(QV(0) =x* +1; 0 0 —(x+4x3+3x) x%+5x* +6x7 +1 0 x0+5x*+6x2+1 x°+4x° +3x

10 0 K+4xd+3x x* 3% +1

-x  x2+1 —(x3 +2x) x*+3x% +1 i
= _ = = (3 2 4 2 1 (3 4 3 = _
0w =0 W -x0 =] o T KL e e [ et ) =t 20
0 0 X0 +5x* +6x2+1 —(x7+6x5+10x3+4x)_
-1 —(x2+1) X% +4x3 + 3x x*+3x2+1
B x x*+2x? x*+2x2 x -+-12x2
0900 =| 0 - X
o X3+ 2x X3+ 2x X3+ 2x
0 0 x7+6x° +10x3 +4x x0+5x* +6x% +1
0 0 x6 +5x4 +6x2+1 X3 +4x% +3x
X2 +1 —(x% +2x) x*+3x% +1 —(x° + 4x3 + 3x)

S — B Oy | 0 xP+3xr+1 (7 +4x7 +3x) x0+5x* +6x2+1
00 =0T W0 W= 0 a5t 6241l —(x7+6x5 +10x° +4x)
0 0 —(x7 +6x° +10x> + 4x) x3+7x0 +15x* +10x% +1
1 X3 +3x —(x® +5x* + 6x2 +1) —(x3 +3x)
B X241 20 +4axt +4x2+1 X0+ dxt +4x2 41 xt+3x2+1
0, "= 0 @ ———— = — &
o x*+3x2 +1 x4 +3x2+1 x4 +3x2 +1
0 0 x84+ 7x0 +15x* +10x% +1 x7 + 6x° +10x3 + 4x
0 0 x7 +6x° +10x3 + 4x X0+ 5x* +6x% +1
-3 +2x)  x*+3x%+1 —(x +4x% + 3x) X0+ 5x% +6x2+1
é{—s)(x) _ 54(—6)00 _ xé{’ﬂ(x) _ 0 —(x° + 4x3 + 3x) X0+ 5x* + 6x% +1 —(x7 + 6x° +10x> + 4x)

; det(0L (x)) =x0 + 4x* + 4x? + 1

0 0 (7 +6x° +10x3 +4x) P+ TxC+15xF +10x2+1 |
0 0 X8+ 7x0 +15x* +10x% +1 —(x° +8x7 + 21x° + 20x> + 5x)
-1 —(x*+3x2+1) xt+4x%+2 X0+ 5x* +6x% +1
B ¥ +3x xP+6x0+ lllx4 +6x2 X%+ 4x3 +3x X8+ 6x6 +11 1x* + 6x? B
0; Y= o - : = - ;det(07 () =— (% + 6x° + 11x* + 6x2).
o X2+ 4x3 + 3x X2+ 4x3 + 3x x5+ 4x3 +3x L
0 0 x4+ 8x7 +21x% + 203 + 5x X8+ 7x0 +15x* +10x2 +1
0 0 X3+ 7x0 +15x* +10x2 +1 X7+ 6x° +10x3 + 4x
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2.4. Mexanizm ymeopenusa nociiooeHocmi moougpiko-
eéanux nonainomianvHux mampuyv Didonauyi 5-20 nopao-
ky. Posrisinemo anroputm nodyoBu "Brepen” MOCIiI0BHO-
cri nepux 8-Mu MoAU(BiKOBaHUX MONiHOMIaIbHUX O)(x) -
MaTputp QiboHaUUi 5-T0 MOPSAKY, IXHIX BU3HAYHUKIB 1 Bif-
HOBiIHO 0OepHEHUX NoJiHOMIaNbHUX 05 (x) -MaTpuip Di-
OoHayui. 3 HaBelleHUX MaTpUYHUX BHUpPa3iB (27), (28), (29),
(30) 1 (31) BumHO, IO eneMeHTaMu #-0i MOJH(IKOBAHOT 1MO-
ninomiansHoi O (x) -Marpuii ®iboHauui € BiAIOBiAHI mO-
ninomu PidoHaudi Bix (n—2)-ro no (2(m—2)+n)-ro Homepa
(Vne 3+8}) 3 ixupoi mocmimoBHOCTI (3).

OTKe, po3poOIIEHO METOJI TeHepYBaHHS MOCIHIJOBHOCTI
3 71-0i KUTBKOCTI MOIU(IKOBAHUX TTONIHOMIaJTbHAX MATPHIb
®iboHau4i m-ro MOps/IKy, eNeMEHTaMH SIKUX € TOJIIHOMH
®ibonayui Bix (n—2)-ro go (2(m—-2)+n)-ro Homepa (Vne
{3+m}). Ockutbku noniHoMianbHI MaTpui PidoHavyi yac-

TO BUKOPHMCTOBYIOTH ISl peai3aiii onepariit mudpyBaHHs
JIAaHUX, TO JUIs PO3IIU(PYBaHHS JaHUX TaKOXK ITOTPIOHO Ma-
TH aHAJOTIYHI MONIHOMIiadbHI 0OCpPHEHHI MATPHII, IS OT-
PUMaHHS SIKMX MOTPIOHO 3aCTOCYBATH 3arallbHUN TTiIXi].
Amnamizytoun marpuuHi Bupasu (30)-(31), yrBopeHi 3a
TaK 3BaHUM PEKYPEHTHHM MAaTPUYHUM CITiBBIJHOIICHHSIM
"mazan" (10), BHIHO, 110 IesKi MOAU(IKOBaHI TOTiHOMIiab-
Hi @2(')()() -marpuii ®i0oHayyi, IXHI BUBHAYHUKH 1 BIAMOBII-
HO 00€pHEeHI eKBiIBaJICHTH MAIOTh CBOI BiAMTOBIIHUKH Y MaT-
puuHUX BHpasax (27)-(29), yTBOpeHHUX 3a TaK 3BaHUM PEKy-
PEHTHMM MaTpUYHUM cHiBBigHOmEeHHsM "Briepen” (9). Mine-

ThCs Ipo Moau(ikoBaHi nomiHoMianbHi O (x) -Matpuwi Di-
OoHaYyYi 3 BiI'€eMHUMH 3HAUCHHSIMHU IXHIX HOMEPIB 1 iXHIMHU
BiIPOBITHUKAMH 3 NOJNATHIMU 3HAYCHHSMH iXHIX HOMEPIB.

0"*0(x) = X0 (x) + O (x); det(O(x)) = (~ )" FO(x); 0 (x) x 05 () = I,

X +A3+3x x*+3x2+1 ¥ +2x x2+1 x

FOx) FOGx) FOx) FOGx) FO(x)

= = = 0 X2 2+l x 1 0 F (4)(3‘) F (3)(35) F (2)(3‘) FO(x)
0(x) = 0 (x) - xO(x) = 0 0 x 1 0= o 0 FOx) FOR) FO@) |;
0 0 0 0 1 0 0 0 FOr) FOx)
0 0 0 I 0 0 0  F(x) FEI(x)
I Fow ]
det(0{"(x)) det(Q"(x)) det(Q”(x)) det(0{"(x))
(2) iy A(©) =
_ 0 F ”(X) F . ()C) # det(QS(O)(x)) - (x9 +6x7 +11° + 6x3);
0 O(x) = qn 768 s Tqh =X 43+ x;
0 b _ =L gli=dh = by = ghs = x* + 247
F(z)(x) F(z)(x)
0 0 0 F(x)  F(x)
L 0 0 0 FOG) FOx) |
X0 +5xt 62 +1 X443 +3x x 432 +1 P+ 2x 2241 | FOx) FO@x) FOx) FOx) FO(x)
=, =, =, 0 ¥*4+32+1 0 BP+2x 2+l x 0 FOK) FO) FOx) FO(x)
00 = 0P(x) - x0{(x) = 0 0 2+l x 1 |= 0 0 F9%) FOW FO®x) |;
0 0 0 1 0 0 0 0 FOx) FO)
0 0 0 0 1 0 0 0 FOx) FOx)
gl —4i2 -1 FY%) —qis
det(0 () det(Qs(”(X)) det(Qs”(X)) det(Qs(l)(X)) det(Qs(l)(x)) =
- 0 FOx)  —F%%) -1 X det(Q“)(x)) =x12 4+ 9x10 4+ 30x8 + 46x6 +33x* + 10x2 + 1;
@;(D(x) — qzz q§3 q24 q25 q1z = x +5x5 +7x3 4+ 3x;
0 1 —x -1 Q15 = x + 2X e e
FO(x) FO(x) FO(x) qi1=qxn = qzz =q¢u=qs=x"+4x" +4x" + 1
0 0 0 1 0
i 0 0 0 0 1 |
X +6x7+10x3 +4x x+5x* +6x2+1 x°+4x3 +3x x*+3x% +1 x> +2x
=5 =0 =0 0 X+43+3x 432+ P2 P+l
0P(x) = x0"(x) + 0O(x) = 0 0 X3 +2x x2+1 X =
0 0 0 X 1
0 0 0 1 0
:6]{1 g{ 2 -1 —g{4 :qis
d t N2 d t, )2 d t, )2 d t, )2 d t, N2
F(g)(x) F(7)(x) F(6)(x) F(S)(x) F(4)(x) et(057(x)) eé%(){(;‘)) e_%Qé)()(j)‘)) e—;’Q(Sz)()(c))C)) eé%(x()x)) @7
0 FO FOx) FO(x) FO(x) = 0 ” v "
= 0 0 F9% FOx) FOx)|[; 0s9(x) = q22 q23 424 425 ;
0 0 0 F) FO% 0 FO  -FOw)  —FOk)
0 0 0 FOx) FO) F®(x) F®(x) F®(x)
0 0 0 FO(x) FO(x)
0 0 0 FO(x) -FO(x) |

det(Q<2>(x))=—(x15+12x13+57x11+136x 17027 41045 +24x3): g1y = 2%+ Tx7 +16x° +13%% + 2x,¢14 = x5 +3x° + x;

qis

Po3zpobneno I13, ske mae 3Mory TeHEepyBaTH HE TiLTBKH
MOCTITOBHOCTI MOAN(DIKOBAHUX TOTIHOMIaIbHUX MAaTPHIb
®diboHaui m-T0 MOPSIKY, e i 3HAXOIUTH TXHI BU3HAYHH-
KU Ta oOepHeHi noniHoMianpHi Marpuii PidoHauyi aHao-
riuHoro nopsaky. I1ix gac po3pobaennst [13 BunmKIM IPO6-

= x0+4x* +4x% + 1g1 =¢% = ¢33 = ¢4 = ¢hs = x* + 6x0 +11x* + 6%

JIEMH YHCTO MaTreMaTHYHOro xapakrtepy. CmpaBa B TOMy,
110 HaBITh MiJl Yac reHepyBaHHs 5-0i IMoJiHOMIaIbHOI Mart-
puri @i6oHaYdi 2-TO MOPSIIKY OTPUMYEMO TIOJIHOMH 4-TO
CTEIeHs], yTBOPEHI BHACIZIOK MHOXKEHHS 3MiHHOI X Ha 4-Ty
MOJIIHOMIANIBHY MATpHITI0, Ta JOAATH 3-Ty MATPHIIO, Je
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3HAXOAATHCS TONIHOMH JIeNI0 HIDKYMX cTemneHiB. [t ix
NPaBIIEHOTO TIOJAHHS JOBOAUTHCS CIIOYATKY TEPEMHOXKY-
BaTH BiJIMOBIIHI MOJIHOMH HIDKYHX CTETCHIB, MOTIM OTPH-
MaHHUHA pe3ynpTaT Tpeba AOAATH 1 CIPOCTUTH. [HIIa mpob-
Jema, e OOYHCIICHHS BU3HAYHUKIB MAaTPHIb, TOUMHAIOYH 3
4-ro Ta BUIIUX MOPSIIKIB, 1€ TOBOJUTHCS BUKOPHCTOBYBATH
crielialibHl MaTeMaTtudHi MeToau [24], Hampukiaz anro-
putMm bBapeiica (aurn. Bareiss algorithm) uun dopmyiy
Jletionina (aurun. Leibniz formula). HactynHa MaTemaTnyHa
npoOiema, 11e 0OYMCIICHHSI 00CpHEHOI MaTpHIl, ISl BUPI-
IICHHS SIKOT TaKOX JOBOJUTHCS BHUKOPUCTOBYBATH BiaIO-

BiJIHI MaTeMaTH4YHI MeToqu [24], Taki sk MeTox MOHTaHTe
(amrn. Montante method), meron emiminamii ['ayca-J{xop-
nana (aHrn. Gauss-Jordan elimination) Ta 3a ITOTIOMOTOIO
am'roroBaHoi matpumi (aHri. Adjugate matrix). 1 octanHs
mpobiemMa — YBaXHICTh 3amlHCy 7-01 MOJIHOMIANbHOI MaT-
puni ®idoHaYyi 7-ro MOPSIKY, EIEMEHTAMU SIKOT € TIOJIIHO-
Mu Dibonayui He Buie (2(m—2)+n)-ro HOMepa, HacaMmIie-
pell THX, SIKi CTOCYIOThCS MaTPHIIb BUIIUX MOPSIIKIB 1 OJi-
HOMIB OUIBIIMX CTEIEHIB. AJKE 3alic HE TOTO CTETEeHs
3MIHHOT, HETIPABMIILHOTO 3HaYeHHsI Koe(illieHTa Npy Hil 4K
Horo 3HaKy — nojajbia podoTa 1apemMHa.

SO = () 4 PO — g1 iz ! s s
U570 = X070 + U57(x) = det(0P(x) det(DP) det(P(x) det(@(x)) det(0)(x)
FOx) FOx) FOx) FO>) FO(x) 0 FO%  —FOw%  -FO)  FY%
0" FOW) FOG) FOR) FOW) | 50 - i s i s
= 0 0 FOm) FO%) FOW) |; FO(x) —FO(x) —FO(x)
0 0 0 FO%) FO 0 0 o0  FOw  FO)
0 0 0 FO@) FOx) 0 0 0 FO(x) —FO(x)
0 0 0 —FO>)  FOx)
det(O(x)) = x'8 +15x"¢ + 93x' + 308x'2 + 588x'0 + 652x + 404x° +129x* +19x% +1;
qio = x"+9x% +29x7 + 40x° + 223 + 4x; gig = x7 + 5% + 7% +3x; gls = x5+ 6x0 +11x* + 6x7;
@ =G = g3 = gha = grs = x'0 + 8x3 + 22x0 + 24x* + 9x% + [;
) S50 4 50 g e ! s gis
0570 = 2070+ 07() = det(0(x) det(Q() det(0(x) det(QLV) det(Q¥(x))
FUOx) FO®) FOx) FN(x) FO(x) 0 FO(x) -FO(x) -F®(x) FO(x)
0 FOw) FOM) FOX) FOW) | 5 = e s s p
= 0 0 FO) FOx) FO(x) |; FO(x) —FO(x) —FO(x)
0 0 0 F%0%) FO(x) 0 0 FO() FO(x) FO)
0 0 0  FOW FO(x) 0 0 0 FO(x) FO(x)
0 0 0 FOx) — —F9%) |
det(O(x)) = =(x2' +18x'° + 138x!7 + 588x!% +1524x'3 + 2472x1 + 2487x° +1482x7 + 470x5 + 60x7);
G =xP +11xM" +46x° + 91x7 + 86x5 +34x3 + 3x;
Gia=x2+7x7 +16x° +13x3 + 2x;
Ghs = x'0 +8xB +22x6 + 24x4 +9x2 +1;
4 =G = qr3 = qha = grs = x'2 +10x10 +37x + 62x6 + 46x* +12x%;
=) @0 150 4y g2 - dis s
0570 = 20700 + 070 = det(00() det(0P(x) det(@O(x) det(DO) det(0O())
FO@) FO@ FOW PO PO 0 FOw  F9%)  -FO9%  FOW
| o 7o o e rog &0 R S O
0 0 0 FO FYy 0 ' Fm Pw e
0 0 0 F9%) FO) 0 0 0 FO>) —F@(x)
0 0 0 “FOGx)  FO(x)

det(OP(x)) = x** + 212 +192x20 +1003x'® + 3303x'0 + 713
G = xP +13x13 + 67xM +174x° + 239x7 +166x° + 50x° + 5x;
Gra=x"+9x7 +29x7 + 40x° + 22x3 + 4x;

¢is = X2 +10x10 + 37x% + 62x0 + 46x* +12x%

G =% = ¢ = s = ghs = x4 +12x12 + 56x10 + 128x8 + 148x® + 80x* +16x2 +1;

7x14 +10212x'% + 954 1x10 + 5605x% +1936x6 +355x* +31x% +1;

— — — —6111 qiz -1 —qi4 qis
0000 =207 + 080) = 4et(0() det(09() det(D() det(@O() det( @)
FO20) FOO0) FO@ FO) FO) 0 FOW  FO%  FO%%)  FOw
I I N W
0 0 0 FO%) FO®x) 0 0 o0 FOw  FOu
0 0 0 FO) FOx) 0 0 0 -FOx)  FOx) (28)
0 0 0 FOx) — -FO@) |

det(0LO(x)) = ~(x>7 + 24x25 +255x23 + 1580x2" + 6330x' +17184x'7 + 3221 1x'5 + 41700x'3 + 36689x' ! +21192x° +

+7554x7 +1480x° +120x%);

Gir = X" +15x15 +92x13 +297x! 4 541x% + 553x7 + 296x7 + 70x3 + 4x;

Gia = xB+ 1161 +46x° +91x7 +86x° +34x3 +3x;
gis = x" +12x'2 + 56x10 +128x® + 148x6 +80x* +16x2 +1;

G =5 = g3 = oa = gfos = X16 + 14x14 + 79x12 + 230x10 + 367x8 + 314x6 +130x* + 20x;
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0)(x) = x00) + 0O(x) =
F(13)(x) F(lz)(x) F(”)(x) F(m)(x) F(g)(x)

0  FI(x) FIOG) FOL) FO()
=l 0 0 FOR) FO) FOx)
0 0 0 FO(x) FO®)
0 0 0 FO) FO(%x)

[ gil :qiz :1 @4 :qfs i
det(0{"(x)) det(0(x)) det(0"(x)) det(0{"(x)) det(D(x))
0 O FO FOm  FO)
0;7(x) = g5 g5 45 B
; 0 1 = =
F(9)(x) F(9)(x) F(g)(x)
0 0 0 FO(x) —FO)(x)
0 0 0 —FO)(x) FO(x)

det(0(x)) = 130 +27x7 +327x20 + 2346x%* +11091x% + 3636632 + 84766x' +141636x'6 +168927x' +141483x'2 +

+80727x° + 29875x% + 6644x° +7

95x* + 46x2 +1;

G2 =x" +17x'7 +121x"° + 468x"3 +1068x"" +1461x? +1163x7 + 496x° + 95x° + 6x;
Gia=x +13x13 +67xM +174x% + 239x7 +166x° + 50x° + 5x;
qis = x'0 +14x" + 79x12 + 230x'0 + 367x® + 314x° + 130x* + 20x%;

G =q5 = Ghs = Gha = ¢hs = X' +16x10 +106x" +376x'2 + 771x'0 +920x8 + 610x5 + 200x* + 25x% +1;

09 () = x0(x) + 0 (x) =
F(14)(x) F(lS)(x) F(IZ)(x) F(ll)(x) F(lO)(x)

0 F(x) FI(x) FO) FO(x)
= 0 0 FUO%) FOx) FO(x)
0 0 0 FOw FD(x)
0 0 0 FO%x) FOx)

—gil g{z -1 —gi4 gfs
det(0P(x)) det(OP(x)) det(OP(x) det(QP(x)) det(0¥(x))
) . FiO)  —Fidyy  _p®r)  FO(x)
05 ®(x) = g 93 24 925 :
5 0 0 1 —Xx -
FiOG)  FlO)  Flo)
0 0 0 FOR)  FO(x)
0 0 0 FO@)  -FO) |

det(OP(x)) = (3 + 303 + 408x2 +3328x27 +18153x% + 69894123 +195444x2! + 402264x' + 611019x'7 + 680474x'5 +
+546863x13 +308678x! 1 +117287x% + 28042x7 +3745x° + 210x3);
gla = X2 +19x"° +154x!7 + 695x!% +1912x"3 + 3300x!" +3544x° + 2269x7 + 791x° +125x% + 5x;

29
CIi4 =x17 +15x15 +92x13 +297x + 54 1x° + 553x7 +296x° + 70x> + 4x; 29
gis = x'8 +16x1° +106xM +376x'2 + 771x'0 + 920x% + 610x5 + 200x* + 25x2 +1;
G =5 = @53 = qhos = s = x2°0 +18x18 +137x16 + 574x14 +1444x12 + 2232x10 + 2083x8 +1106x° + 295x* + 30x%
08 N(x) = O D) = x0(x); det(0(x)) = (= )" "FO(x); O (x)x 05 (x) = Ts;
X324+ P20 X2+ x 1 FOx) FOx) FOx) FOx) FO(x)
= = = 0 ¥+l x 1 0 0 FOW FOr) FOx) FO(x)
O(x) = 0(x) - x 0L (x) = 0 0 1 0 1 |=| o 0 FOR) FOG) FO) [;
0 0 0 1 -x 0 0 0 Fx) FO(x)
0 0 0 —x x+1 0 0 0 FO>) FO)
FO(x) —F¥(x) -1 F(x) ]
det(Q(x)) det(Q5"(x) det(0S"(x)) det(0S"(x)
= 1 -FO(x) -1 = o 4
0, ) = FOx) FO(x) FOw) ; det(OS V() = x0 + 4t + 4x2 + 1
0 0 1 —FO(x) -1
0 0 0 FOx)  —FOx)
| 0 0 0 -F(x)  FO%) |
P2x 2+l x 1 0 FO(x) FOx) FOx) FOx) FO(x)
= = - 0 x 1 0 1 0 FO%x) FOx) FOG) FD(x)
00 =00 -x0 "= 0 0 0 1 = =] 0 0 FO& FE(x) FO) s
0 0 0 —x x*+1 0 0 0 FOx) FOX)
0 0 0x2+1 —(x*+2x) 0 0 0 FO%x) F%)
det(0S2(x)) =0, 05 (x) = @;
¥ +1x 1 0 1 FO®x) FOx) FOx) FOx) FO(x)
= = - 0 10 1 —x 0 FOGx) FOGK) FEYx) FE(x)
090 =0 -x0 = 0 01 —x X241 |=| 0 0 FEYx) FOx) FO) [;
0 00 x*+1 —(x*+2x) 0 0 0  FOx) F%)
0 00 —(x*+2x) x*+3x%+1 0 0 0  F%) FO)(x)
1 —X -1
— —_— 0 0
x20+1 x21+1 x20 1 (24 1) _
—(-3) _ —(x°+ —X . ~(=3) _ 2 .
O (x) 0 0 1 — 1 [ det(@5T @) = 4L
0 0 0 x*+3x2+1 X +2x
0 0 0 X +2x x2+1
x10 1 —x FOx) FO(x) FOx) FOO(x) FEI(x) (30)
- - - 001 —x x4l 0 FOM) FO(x) F(x) FO)(x)
O59(x) = 02 (0) - x0(0) =0 0 —x  x2+1 —(x*+2%) |=| 0 0 FO%) FO®) FO%) |
00 0 —(x*+2x) x*+3x2+1 0 0 0  F%x) FO(x)
00 0 x*+3x2+1 —(x>+4x3+3x) 0 0 0 FO(x) FOO(x)
det( @S M(x) =0, 05w =
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10 1 —x ¥ +1 FOx) FO) FO(x) FO(x) FO(x)
— _ — 01 —x x2+1 —(x3+2x) 0 FO(x) FOx) FOx) FE%)
0 =00 - x0T =0 0 x2+1  ~(x>+2x) 432+ 1 =] 0 0 FO%x) F%) FO©) 3
00 O X302+ (0 + 463 +3x) 0 0 0  FOx) FCO(x)
00 0 —(°+4x3+3x) x0+5x* +6x% +1 0 0 0  FOOx) F(x)
[ -1 A +3x%+x) (4212 |
10
x2+1 x2+1 x2+1
- | —(x*+3x2+]) (P +2x) B
Gw=| il Pl det@90) = +
x2+1 2 x2+1
00 0 x0+5x*+6x2+1 x°+4x3+3x
100 0 X +4x3+3x x4+ +1 |
(01— x2+1 3 +2%)
_ _ _ 0-x x?+1 (% +2x) x*+3x2 +1 _ _
00 =0 -x07 W =10 0 «(P+20)  x*+3>+1 (43 +30) [ det(Q0) =0, %O = @
00 0 (> +4x3+3x)  xO+5xt+ox?+1
10 0 0 X0+ 5x% + 6x% +1 —(x7 + 6x° +10x> + 4x)
1 x2+1 (3 +2x) x*+3x% +1
— — — 0 x>+1 —(x*+2x) x*+3x2 +1 —(x° +4x7 + 3x)
O =070 - x05%x) =[0 0 x*+3x2+1 (x> +4x3+3x) st rext 4l |
0 0 0 X0+ 5x% +6x% +1 —(x7 + 6x° +10x3 + 4x)
10 0 0 —(x7 +6x° +10x3 +4x) x3+7x0 +15x* +10x% +1
[« -1 0+ 77 +16x5 +13x3 +2x)  —~(x6 +5x* + 6x2) |
x2]+1 X0+ dxt +4x? +1 x6 +4x41+ 4x% +1 x4+31x2 +1
55(77)()() — X241 xC+4x* +4x2+1 X0+ 4x4_;|C— 4x2 +1 x* +§x2 +1 ; det(§§’7)(x)) =16+ 4t 44y + I 31)
0 0 —_ —_ —_
x*+3x% +1 x*+3x2 +1 xt+3x2+1
0 0 0 XB+7x0+15x* +10x2 +1  x7 +6x° +10x3 +4x
10 0 0 x7 +6x° +10x3 + 4x X0+ 5x% + 6x2 +1 ]

3. Metoa mudpyBaHHs 0JOKOBHX JAAHUX MOJiHOMI-
anpHIMH MaTpunsgvu ®i6onauui. PosrmsHemo ocolu-
BOCTI peaizallii MAaTpUIHOTO METONy IMU(PYBaHHS TaHIX
MOJIIHOMIANEHUME MaTpuisiMu DiboHAYYl m-r0 TOPSAKY
[21, 29, 42]. [1]06 BUKOPHCTOBYBATH LI METOI, ITOYATKOBE

HOBiIOMJICHHS TOTPiOHO MOXATH y BUTIISAAI KBAJPaTHOI M -
MaTpHIl M-TO TIOPSAAKY, SIKy HA3WBAIOTh Mampuyero nogi-
Oomnenns. Hemae oOMexxeHb MIOA0 TOJAHHS TAaKOTO MOBi-
JIOMJICHHS [8], TOMy KOPHUCTYBAau€Bi 3aJIUINAETHCS BH3HAYA-
TH pO3TAlllyBaHHs E€JIEMEHTIB IMOBIIOMICHHS Y MaTpUIl —
pSAAKAMH 9H CTOBMIIMHU. Hampukian, BXiTHE MOBiIOMIICH-
Hs "Cryptographickey" MoxHa TOATH MATPHUIICIO 4-TO T0-
PSIKY, 3alOBHIOKOUH ii MOCJIEMEHTHO PSAKAMH, Mapaieiib-
HO BKa3yIOUYM IXHI YHCIIOBI 3HAYCHHS 3TiTHO 3 TaOIHIICIO
xoxiB cumBoiiB ASCII:

Cryp 67 114 121 112
=ltogr 116 111 103 114

aph i 97 112 104 105 |°

c k ey 99 107 101 121

[Ticnst y3romKeHHsT MK BIANPAaBHUKOM 1 OJlepKyBaueM
nitoro yucia x # 0 Ta n-oi moniHoMianbHOT MaTpuil di6o-
Hay4i 7-T0 MOPSAIKY, BIAMOBIAHY MaTPHULIO MIN(PYBaHHSI
JAHUX BHOWpPAroTh 3 Bupasis (19), (22), (24) uu (27), HaBe-
neHnx BUie. [IoTiM [0 MaTPUIIO MOTPIOHO MOMHOXKHUTH

ClpaBa Ha MATPHIK0 TOBIIOMJIEHHS M , m06 OTpUMaTH

MaTpHUIIO 3amu(poBaHOro moBinoMiueHns £ . Hampukman,
s m =4, n =3 3 MaTpU4YHOTO BHpa3zy (24) maemo:

18901 3640 701 135

ZGyen | 0 701 135 26 |
07O= o 9 26 5|
0 0 5 1
E=0"0G)xM =
18901 3640 701 135] [67 114 121 112
_| 0 701 135 26| |116 111 103 114]_
0 0 26 5 97 112 104 105
0 0 5 1 99 107 101 121
1769969 2651711 2748480 2621812
| 96985 95713 88869 97235
| 3017 3447 3209 3335
584 667 621 646

Enementn marpuii 3ammupoBaHOTO MOBITOMICHHS E
HaJICWJIAIOTh KaHAJIOM 3B'SI3KY PSAKAMHU B MOPSAKY €, €2, ...,
€y, 32 IKUMH CJTiTy€ OKpEeMO 3HAUYeHHS i BU3HAYHHUKA

det(QP(x)) = x10 + 8x® + 22x6 + 24x4 + 022 +1;
det(0P(5)) = 510 +8-55 + 2256 + 2454 +9.5% +1=13249601 .

[puryckaroun, o nepeaana MOCTiTOBHICTh YHCEN OT-
puMaHa 6e3 MOMMJIOK, TOJIi, NIITXOM MHOKEHHS 00epHEHOT
0,9 (x) -marpuui DiboHauyi, B3ATOT 3 MATPHYHOTO BUPasy

(24), Ha marpuio 3amudpoBaHOro MoBioMIeHHS E , Ha-
BEJICHY BHUIIE, OTPUMYIOTh ITOYaTKOBY MaTpHIIO ITOBIJIOM-
JICHHS, a came:

0,9 (x)=
XO45x 67 +1 x° +4x° +3x x* +3x7 +1 X +2x X437+ —(F° +4x7 +3x) (X2 +)) X +2x

- 4 2 3 2 = = = =
01(x) = 0 el (0 (x)  det(Q” (1) det(Q(x)) det(Q](x)

0 0 x +1 X _ 0 1 -X -1 .

0 0 X 1 xt+3x7 +1 ¥ +3x7+1 xP+3x7 41

Tenep, miaCTaBUBIIN B [0 MATPHUITFO 3HAYCHHS X = 5 1 8 8 1 S i .
—X X

BHUKOHABIIU BiIMIOBITHI OOYUCIICHHS, OTPHUMAEMO:
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0,000053 —0,000275 0,000002 0,000010
50| 0 0,001427 —-0,007133 —0,001427 |.
9= 9 0 1 5k
0 0 s 26
M =07"(5)xE =

0,000053 -0,000275 0,000002 0,000010
0 0,001427 -0,007133 -0,001427 %

0 0 1 -5
0 0 =5 26
1769969 2651711 2748480 2621812 67 114 121 112
96985 95713 88869 97235 | |116 111 103 114
3017 3447 3209 3335 97 112 104 105 |

584 667 621 646 99 107 101 121

3 ormsAy Ha BHKIIAJICHE BUILE, KOHCTATyeEMO (DaKkT HaBe-
JICHHSI MATPUYHOTO METOy MIM(PYBAHHS JaHUX HA MiICTa-
Bi mosiHOMianbHOI MaTpui PiboHaYdi, B IKOMY U MaT-
PHII BXIIHOTO MOBigOMIICHHs Haf andasitom {0, 1,..., 255}

i ais uwinoro wucna x =5 Bukopucrano Q! (5) -MaTpuIio

®ibonauui 3-r0 TMOPSAAKY, €IEMEHTaMH SIKOI € TOIIHOMH
®ibonayui Big 2-ro m0 1-ro cremens. s oTpUMaHHS BH3-
HaYHHMKA MaTpPUIll BUKOpHCTaHO dopmyiy JleiiOnina, a s
3HAXO/KEHHsS OOCpHEHOI MATPHI 3aCTOCOBAHO METO
Mownranrte (auri. Montante method).

OTKe, TOKa3aHa MOXIIMBICTh BUPIIIEHHS ITpo0OIeMH Te-
HEpYBaHHA 1-01 TOCHTIOBHOCTI moJiHOMiB @iboHAYHI 1-TO
CTeTIeHs, SIKi € OCHOBOIO IS MU(pPYyBaHHA OIOKOBUX Ja-
HUX, 10 Ja€ MOXIIHUBICTh 3/iliCHIOBaTH e(DeKTUBHUII iX 3a-
XHCT. Po3p0o0iieHO MeTOI TeHepyBaHHS TOCTIIOBHOCTI 3 71-
o KUIBKOCTI MOJU(]IKOBAaHUX MOJIHOMIAIBHUX MaTpPHUIlb
®diboHau4i m-ro MOps/IKY, eNeMEHTaMH SIKUX € TOJIIHOMH
®ibonauui Bix (n—2)-ro no (2(m—2)+n)-ro HOMEpa, SKHH,
Ha BiMIHY BiJl BIIOMHX METOJiB, BAKOPHCTOBYE MaTPUYHE
PEKypEeHTHE CIIBBIJHOIICHHS, AHAJIOTIYHE PEKYPCHTHOMY
CHIBBITHOIICHHIO [T TeHepyBaHHA uncen Dibonayuyi, a 3a
OTPUMaHHMH MAaTPHILSIMHA MOYKHA 3HAXOAUTH SIK IXHI BU3-
HAYHUKHU, TaK 1 0OepHEHI MATPHIli BiIMOBIIHOTO MOPSAIKY.
Ha xoHKpeTHOMY MpHKIami IMOKa3aHa OCOONMBICTH 3aCTO-
CyBaHHS MaTPHYHOTO MeTOoay HIH(ppPyBaHHS OJOKOBHX Ja-
HUX 3 BUKOPUCTaHHSM 3-01 noniHoMiansHoT Marpuii ®ido-
Hav4i 4-T0 MOPSIKY.

OOroBopeHHsI pe3yJbTATIB AOCTIKeHHs. Y MaTeMa-
TUI TOTiHOMIaNbHI MaTpuii Pi6oHaYYI — IIe MTOTIHOMIaJhb-
Ha TOCIIIOBHICTh MaTpPUIlb PI3HOTO MOPSIKY, CIEMEHTAMH
SIKUX € BIAMoBiaHI rmoiainomu Mi6oHaydi 3 meBHOI IXHBOI I10-
ciigoBHOCTI [54]. BomHowac, pi3Hi pe3ysbTaTd JOCIiIKEH-
HSl MOCIIJIOBHOCTCH TAaKHX MOJIHOMIAIBHUX MATPHIb ITiJT
3arajJibHOI0 HA3BOIO TONiHOMIianmbHI Matpuili DiboHaudi
TPAIUIIOTECA B HAYKOBIH JiTeparypi Xoda i JaBHO, TMO3asK
TICHO TOB'SI3aHI MK CO00I0, IPOTE BOHM HE TaK IIMPOKO
JIOCIIIKEH], K BIAMOBIIHI TOCIIA0OBHOCTI oiHoMiB Pi00-
Hayvi. 3aCTOCYBaHHS K TaKUX MONIHOMIaTbHUX MaTpHIpb Di-
OoHayui 3'SIBISIOTHCS B PI3HUX 00JIACTSX 3HAHb, B TOMY YHC-
i | s mmgpyBaHHs OJIOKOBUX JIaHHWX, HacaMIlepesa Mat-
PHYHUM METOJIOM.

VY pobori [18] naBeneno nominomiansHi MaTpuri Pido-
Hayydi—['eccenOepra 3 BU3HAYHUKOM Y BHIVISII ITOJIIHOMA
®ibonaydi. ABTOpaMHU BBEICHO MTOHATTS TBOBIMIiPHOTO Ma-
cuBy nojiHOMiB @i00HaYUi Ta HABEIEHO TPHU KJIACH TTONTIHO-
MianbHUX MaTpuis Dibonauyi—I eccenodepra, 110 3a10BOJIb-
HSIOTD IXHIM BJIaCTHBOCTSIM.

VY pobori [15] HaBeneHO nesiKi GOPMYITH U1 yTBOPEHHS
JMBOBUMIpHUX MoJiiHOMIB PiboHauui Ta Jlykaca, a Takox
BIINIOBITHUI HA0Ip TOTOXXHOCTCH, BUKOPUCTOBYIOUH ISt

IFOTO MATPUUHUH miaxia. Takox chopMyIbOBAHO BIACTH-
BOCTI TaKUX JIBOBUMIPHUX IOJIHOMIB, Jie 3MiHHI X Ta y € 1X-
HIMH CKJIaJJOBUMH, 32 JOTIOMOTO0 SIKMX MOXKHA OTPUMATH
0e31i9 KOMOIHATOPHHUX TOTOKHOCTEH.

VY pobori [62] HaBeneHO JesKi HOBI pe3ylbTaTH YTBO-
PEHHS y3arajbHEHHUX JBOBUMIpHHX moiiiHOMiB DiboHauyi
ta JIykaca, a TakOX BiJIIOBIZHI HOBI TOTOKHOCTI, OTpPHUMaHi
3a JIOMIOMOT'O0 IMX MOJIHOMIB. J[JIs TakuX MOJIHOMIB J0C-
JIDKCHO JIeKijbka OIHOMIQJIBHUX TMiJCYMKIB 1 HaBEICHO
BiZMOBIIHI (hopMyIHn [Tt OTpUMAaHHS K KOe(IIiEHTIB MOJTi-
HOMIB, TaK i CyMH cTereHiB. Tako HaBeIeHO 3araibHi (hop-
MYJIM JJ1sl OTPUMaHHS BIJTIOBITHUX IMiJICYMKIB, Pi3HUX TBIp-
HUX (YHKIIIH Ta CHiBBITHOIICHb MK I[IMHU TIOJTIHOMaMHU.

VY poborti [63] pO3TISIHYTO CIieliaibHI TTepeTBOPEHHS
y3araJbHEHUX JBOBUMIpHHUX moJiHOMIB PiboHaudi Ta Jly-
Kaca. Pe3ynbraTtu OCHIPKEHHSI CTOCYIOTHCS OIHOMIJIbHUX
neperBopenb Karanana ta ['aHKens MIof0 TakuX ITOJIIHO-
MiB. Takox HaBEJEHO NEsKi KOPHCHI pe3ylbTaTH, Taki SIK
reHepyBanbHi (QyHKUil, Gopmynu bine, mincymoByBaHHS
pe3yJbTaTiB MepeTBOPEHb, BU3HAYEHUX 32 JIOIIOMOI'OI0 pe-
KYpEeHTHHX CIHIBBITHOMICHh [UIA IHMX MOJiHOMIB. OxpiMm
IIOTO, ACSKI BYKJIMBI CHIBBIIHOMICHHS MK I[IMH IIEPETBO-
PEHHSIMHM BHMBECHO 3a JOIIOMOTOI0 HOBUX (DOpMYII, OTpH-
MaHUX aBTOPaMH, a TAaKOX BHBEACHO BIAMOBIIHI (HOPMYIH
Karamana, Kaccini, Baiinn Ta n'Oxans ams mux meperBo-
pEHB.

VY po6oTi [51] po3riisitHyTO TIOBHI OJTHOPIIHI CUMETPHYHI
dysxmii mrs noniHomiB [aycca-®PiboHaudi Ta TBOBIMIPHIX
nmoniHoMiB [lenma. ABTOpW BBENHM CHMETPUYHY (YHKIIIIO,
100 oTpUMaTu HOBI (QYHKIIT, 110 YTBOPIOIOTH TBOBUMIpHI
noinomn [lemna-Jlykaca. Bonn BH3Hauwim NoBHI OJTHO-
pinHi cumerpuuHi (QyHKIIT Ta HajaIM reHepyBanbHi (QyH-
kiii st monmiHomie ["aycca-®@ibonauyi [2], mominomiB [a-
ycca-Jlykaca, nBoBuMipHuX nosiHomiB ®Pibonauyi, Jlykaca,
Sxobcrans Ta SAxo6cransg-Jlykaca.

VY pobori [14] po3rasHyTO TeHepyBasibHI (QYHKIIT IS
yTouHeHux uucen Ilemuia Ta JBOBUMIPHMX KOMIUIEKCHHX
nosiHoMiB ®i0oHa44i. ABTOPU BBEIH OIEpaTop, mod OT-
pUMaTH HOBI (DYHKII, 110 yTBOPIOIOTH yTOYHEHI k-umciia
[Tenna, a Takox yrouneni uucia [lemna 3a ["ayccom. Buko-
PHUCTOBYIOUM BU3HAYCHUH HHMMH OIIEpaTOp, BOHHM HaJald
JIesiKi HOBI TeHepyBaibHI (YHKIIi IS JTBOBUMIPHUX KOM-
TUIeKCHUX moiiHoMiB @ibonaydi Ta Jlykaca, yTouHeHHX TM0-
niHowmiB Ilemna ta [emna 3a [Mayccom.

VY pobori [25] HaBeneHo ToroxHocTi PiboHauyi Ta Jly-
Kaca, oTpuMani 3 marpunp Tertina—I'eccendepra. ABropu
PO3IIISTHYJIM BU3HAYHUKH JUISL JISSIKMX CIMEWCTB MaTpHIlb
Temmina—I'eccenbepra, mo MaloTh pPi3HI MOJAHHA YUCEI
®ibonayui Ta Jlykaca s HEHYTbOBUX eleMeHTiB. Dopmy-
JM UX BU3HAYHUKIB MOYKHA TaKOXK IMOJATH SK TOTOXHOCTI,
10 MiCTATh CyMHu M00yTKiB uncen ®idonauui ta Jlykaca, a
TAaKOXX IXHIX MYyJTHHOMIaNbHHX Koe(imieHTiB. Y mocimi-
JUKCHHI HaBEICHO pe3ysbTaT KOMOIHATOPHOTO TOBEACHHS
JIEKUIbKOX BU3HAYHHUKIB, SIKI BUKOPUCTOBYIOTh 3HAKO3MIiHHI
IHBOJIIOIIIT Ta BU3HAUCHHs BH3HAYHHMKA SIK CYMH 31 3HAKOM
HaJl CUMETPHYHOIO rpymnoo. Lle npusseno no 3araibHOTO
y3aranpHeHHsT Gopmyn @ibonauui Ta Jlykaca B TepMiHax
Tak 3BaHuX yncen ['16oHayyi.

VY pob6orti [41] mpoananizoBano 2-noixiHoMu DiboHATY1
B cimeiicTi uncen DiboHaudi. ABTOpH BU3HAYAIOTH HOBI 2-
moniHoMH DiOOHAUYi, BUKOPUCTOBYIOUH TEPMIHH HOBOTO
cimeiictBa uncen PiboHaudi, HaBeAeHi B poOoTi [31]. Born
MOKAa3alli, MO ICHy€ 3B'A30K MK KOEQIIlieHTOM 2-TIONiHO-
MiB @ibonaudi Ta TpukyTHHKOM [lackans. HaBeneno meski
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TOTOXKHOCTI s 2-momiHOMiB DiboHAUYi, pe3ynbTaTH Io-
PIBHSHHS 2-TTOJIIHOMIB 3 BimoMuMu moiHOMaMu ®iboHad-
4i. Born Bupazwinn 2-nominomu PiboHAUYl Yepe3 MONiHO-
My @i00HaYUi, a TAKOXK JTOBEIH JAEAKI TeOpEeMH, MOB'sI3aHi 3
nmosiHoMamu. OKpiM IIbOTO, aBTOPH BBEJIM BiAIMOBIIHI ITO-
XiaHi Bix 2-nosrinoMiB PiOoHaYyi.

VY pobori [1] HaBeneHO HOBI pe3yNbTaTH AJISA IBOX y3a-
ragbHeHNX KiaciB noxinoMiB ®ibonaudi ta Jlykaca, a Ta-
KOX 0COOHMBOCTI X BUKOPHUCTAHHS y CKOPOUCHHI JESIKHIX
paauKaiiB. ABTOPH BBaXalOTh, III0 BOHH PO3POOMIM HOBI
hopmynH I 0OYHCICHHS 3B'A3KIB MK JBOMA y3arajibHe-
HUMH KJ1acamu nosiHoMiB ®dibonauyi Ta Jlykaca. Bkazano,
IO TillepreoMeTpudHi GYHKIIT BUAY ,F(z) BXOIATH 10 BCIX
KOC(QIIIEHTIB 3B'I3KYy TSI KOHKPETHOTO 3HaueHHS z. [le-
KiJIbKa HOBHX ()OPMYJI 3B'SI3KY MIX JICSIKUMH BiJOMHUMH TO-
JMiHOMaMW, TaKUMU sIK moninoMu Pidonaydi, JIykaca, [len-
na, @epma, [lems—Jlykaca Ta ®epma—Jlykaca, BOoHU BUBe-
T K OKpEeMi BUIAKU TTOXiTHUX QOpMYI 3B's3Ky. Jleski 3
HaBEJICHUX aBTOPaMHU (POPMYJ TaKOXK y3araJbHIOIOTh JESKI
3 BIJOMUX y HasBHIH JiTeparypi. Ik MOXKIUBICTH 3aCTOCY-
BaHHJ JIBOX MOXIJHUX (OPMYJI 3B'I3KYy HaBE/ICHO JIesiKi HOBI
(hopMymH, IO 3B'SA3YIOTH JESAKi BiOMIi YHCTa, & TAKOXK BH-
BEJICHO HOBI (DOpPMYJIH U TICBHUX 3Ba)KCHUX IHTEIPAiB.
Ha mizncTaBi BUKOPUCTaHHS ABOX y3araJlbHeHMX KJIAciB MO-
niHoMmiB dibonayui ta Jlykaca po3poOieHo HOBI GopMyu
3BEICHHS ICSKNX MapHAX 1 HEMapHHUX PAJUKATIB.

VY poborti [55] posrisiHyTO anroputm neperBopeHHs Ka-
TayoHa U1 nocaigoBHocTi k-Ilema, mocaimoBHOCTI A-T1em-
nma—Jlykaca Ta yTO4HEHOI mocmiIoBHOCTI A-Ilenma, a Takox
JIOCJI/PKEHO BJIACTUBOCTI LUX MOCHITOBHOCTE. ABTOpH
3acTOCOBYBaiM TieperBopeHHst [ankens (anrn. Hankel
Transform) no neperBopeHs Karanana aist 3a3Ha4eHNX TIOC-
migoBHOCTEH. TakoK BOHM OTPHMAJIH ITOPOKYBaIbHI (PyH-
Kuii nmeperBopeHHs Karamana asist BiIIOBIIHUX ITOCITIOB-
HOCTEH, a TaKOX ILIKaBY XapaKTEPUCTUKY, MOB'SI3aHy 3 Jie-
TEPMiHAHTOM TIEPETBOPEHHS [ aHKeIs UX MOCIiZOBHOCTEH.

VY poboTi [44] HaBeneHO e(DEKTUBHUI YUCETBHHI METO/T
PO3B's13yBaHHs IpoOOBUX IUdepeHtianbHuX piBHIHb ([1/1P),
3acHOBaHUU Ha mojiHoMax ®iboHauui. BcraHoBiaeHo, 1110
MOCIOBHICTh yncen PiboHauYl BaKIIHBA Yepe3 TaK 3BaHY
30JI0TY NPONOPLIIO, sIKa OIUCYE BIINOBIAHI NepeadadyBaHi
Mojen. BogHouac, s nomiHoMiB Di0oHAYYI, MTOB'SI3aHUX
6e3nocepennpo 3 ymciaamu DiGoHAUUi, aBTOP PO3MIUPIOE
MOXIIMBOCTI IXHBOI'O 3aCTOCYBaHHsI, HacamIiepes Jyis po3-
B'si3aHHs JIpoOoBuX audepenuianbaux piBHsHb FDE (anrm.
Fractional Differential Equations) ta ixuix cucrem SFDE
(aurn. System of Fractional Fractional Differential Equati-
ons). 3a IONOMOT0I0 JpOoOOBOr0 IHTErpajIbHOTO ONeparopa
Pimana—JliyBins s riOpumHOi QyHKIIT JpoOOBOTO MOPS-
Ky OJOYHO-IMITyTBCHUX (QYHKLIH 1 mominomiB PiboHaddl,
posrasinyTrii po3s's3ok JIJIP (FDE ta SFDE) 3BoauThes 10
(hopMyBaHHSI CUCTEMH IT€OPUYHMX PIBHSHB, SKYy MOXKHA
po3B's3aTH iTepariitanm Metogom Hetorona. J[poboBwuii mo-
PSIOK 3MIHHMX OTPUMYIOTH LIISIXOM iX MEPETBOPEHHS 3 X B
x% nme o> 0. TIopiBHAHO 3 IHIIMMHA MOJEIAMH, 3AMPOIIOHO-
BaHUIl aBTOpaMu 4HCeNbHUN MeTon po3s's3anus JJIP y ne-
SKUX BUMAIKax Kpamuii Ha 12 mopsakiB. Bymm cutyarii,
KOJIM aBTOPU OTPUMYBAJIU JEII0 TOYHImuUH po3s'sizok /1P
MOPIBHSHO 3 Pe3yJbTaTaMu, OTPUMAHUMHU KIIACHYHUMH Me-
ToJaMu. 3ampONOHOBAHWK aBTOpPAMHM YHCEIBHUI METO]
po3B's3yBanHs J{/IP BUSBHBCS MPOCTHM 1 €PEKTHBHUM IIij
4yac pO3B's3yBaHHS HEIIHIMHUX 3a7ad i3 3aJaHUMH I10YaT-
KOBHMH YMOBaMH.

VY pobori [59] posrasiHyTO y3araabHEHI osiHoOME ['yMm-
OepTa, oTpuMaHi depe3 y3araabHeHi momiHomu DiboHaYdi.
ABTOpH BU3HAYWIN y3arajdbHeHi (p,q)-mominomu Pidonad-
4i u,,,(x) 1 y3araneHeHi (p,q)-nominomu Jlykaca v, ,(x), a
TAaKOK BBEIHM y3araiubHeHi moiinomu ['ymOepra u') (x) sK

nm
OKpEeMi 3rOpTKHU U, ,,(x). Takoxk DOCIITHUKYN HABEIU Oarato
BUpAa3iB, IXHIX PO3KJIaJiB, PEKYPEHTHHUX CITiBBIJIHOLIECHb, B
T.4. ¥ audepeHiatbHuX, M0 Jalo iM 3MOTY BHBYATH MaT-
pUIl Ta BU3HAYHUKH, TIOB'S3aHI 3 TOTIHOMAMH U, ,(X),
Vam(X) Ta ") (x) . ABTOpH 3aIpONOHYBAIN aNreOpHyHy iH-

TEpIpeTalito Uil y3aralbHEHUX MoJiHOMIB ['ymbOepTa
u” (x) , ae 6yJI0 BKa3aHo, 1110 Pi3Hi 100pe BioMi noniHoOMu

nm
€ OKpEeMHMH BHI3JKAMH y3arajlbHEHUX IOJIHOMIB U, ,(X),
Vum(X) @60 u”) (x) . BBIBIIM y3arajbHeHi MOJIHOMH i, ,(x),

n,m

Vam(X) 1 4 (x) , aBTOpH OTpUMANH €IMHUHN MiAXiM 10 POOO-

non
TH 3 OararbMa CIeliaJLHUMH I0JIIHOMaMH, BiJOMMMU B Ha-
SIBHIH JiTepatypi.

VY poborti [40] HaBeneHO HOBHI MeTO/ mH(pyBaHHS Ja-
HUX 3 BUKOpHUCTaHHIM O-marpuip ®idoHaudi, 3aCHOBaHUI
Ha MaTpHILIX 3a0JIOKOBaHHX IMMOBiTOMIICHb. [ OJOBHOMO Iie-
pEBarol0 TaKoro MeToay € IMU(pyBaHHS KOXHOI MaTpuili
BXIIHOTO TIOBiJOMJICHHS KJIIOYaMH Pi3HOI BemwuuHH [33,
35]. SIx cTBepIKYIOTh aBTOPH, TAKWH MiAXix HE TUTBKA M-
BHUIIye Oe3neKy 3amu(poBaHUX MTOBITOMIICHD BiJ KPUIITOT-
padiunux artak [28, 34], ane i Mae BUCOKY KOPUTYBAIbHY
3/IaTHICTb, OJIHAK HE BKa3yIOTh, YUM CaMe 4H SIK came Lie 3a-
Oe3nedyeThesl.

VY poborti [9] 3anporoHoBaHO HOBY Teopito muppyBaH-
HS IaHUX 3 BUKOPHCTaHHSIM m-pO3IIUPEHHs p-uncen Pibo-
Haydi. ABTOpU HaBelu KBajapaTHy G, ,-Matpuio PiboHay-
gi, ne p>0 € uinuMm Heig'eMHUM uucioMm 1 m>0. Takox
OMMCANN Pi3HI BAACTUBOCTI G,,,,-MaTpHIli, KA € OCHOBOIO
Teopil WH(pyBaHHS JaHUX, BCTAHOBHJIM 3B'3KH MiX eJe-
MEHTaMHU I1i€1 MaTpUIl IS pi3HUX 3HAYCHB p 1 m. BoHU 1mo-
Ka3aJu, IO CNiBBiJHOIIEHHS MiXk eneMeHTaMu G, ,,-MaTpH-
i IS Pi3HUX 3HA4YeHb p i m = 1 30iraroThCs 3 BiAHOIICH-
HAM MDK €JeMEeHTaMH MaTpulli mmdpyBaHHS IS Pi3HUX
3Ha4YeHb yucha p [7]. 3araixom, TOCTOBIPHICTH 3aIpPOMOHO-
BAaHOT'O METOJy 3pOCTa€ 3i 30UIBIICHHSM L[LOTO 3HAUYCHHS,
ajie BOHA HE 3aJIC)KUTh BiJl 3HAUCHHS 1.

VY po6oTi [7] po3pobiicHO y3araibHEHI CIIBBIIHOIICHHS
MDK eJIeMEHTaMH MAaTpHIli MU(PPYBaHHA JaHUX YHCIAMHU
®iboHauvi. ABTOpH pO3IJIsIIAN KJIac KBaApaTHOI MaTpHUIl
®ibonaydi (p+1)-mopsAaKy, eneMeHTn Kol 0a3ylThCs Ha
p-uncnax @DiboHaydi 3 BHU3HAYHUKOM, IO CTAHOBHUTH T1.
Bonn cTBepIKYIOTH, IO iCHYE 3B'A30K MiXx dnciamMu Pibo-
Hay4i 3 OYaTKOBUMH WICHAMH, SIKUH BITOMHH SIK popMya
Kacciui, a came: F,,,-F, ,—F’ =(-1)",n>1. Byjo BcTaHOB-
JIEHO, IO ITOCIII0BHICTE uncen dDiboHayyl Ta 30JI0THHA IIe-
pepi3 MarTh BaXIJIUBE 3HAYCHHS i1 Yac MoOyI0BH BiIHOC-
HO HOBOi Teopil mpocTopy-dacy, ska Bimoma sk E-Teopis
HecKiHYeHHOCTi. OpHUriHanbHUA MeTo | IH(PYBaHHS TaHUX
gucnamu Oi00HAYUI BUILIHUBAE 3 aHAIOTIYHUX MATPUILh, 1€
BIJOMHUM 3aJIMIIACTHCA 3B'I30K MK il eJIeMEeHTaMu Ul BU-
nmaaky p = 1 [54]. Takox aBTOpW BCTaHOBWJIHM y3aralbHEHI
CHIBBITHOIICHHS MDK €JIEMEHTaMHU MaTpHLll MU(ppPyBaHHS
JaHUX JUIS pi3HUX 3Ha4eHb p. Hanpukan, s p = 2 nocro-
BIPHICTH 3alpOIIOHOBAaHOTO0 MeTOAy CcTaHoBUTH 99,80 % i
3pocTac 3i 30UTBIICHHSM I[HOTO 3HAUCHHS.

VY pobori [54] po3podieno matpuirro diboHauyi, HaBe-
JIeHO y3aranbHeHHs opmynu KacciHi Ta HOBY Teopito 1H-
(hpyBaHHS NaHUX. ABTOPH PO3TJISINANA HOBHUH Kiac KBa-
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paTHUX MaTpHIlb po3MipoM (p+1)x(p+1), ememeHTaMH SKUX
Oynu p-uucna ®idonauui (p = 0, 1, 2, 3, ...), a IxHii BU3-
HAYHUK CTaHOBUTH t1. I yHiKanpHA BIACTHUBICTH MATPHIb
®diboHau4i MPUBOIKUTE 0 y3araabHeHHs Gopmysan KacciHi.
3anpornoHOBaHUI aBTOPAMH OpUTIHATBHUN MeTOJ mudpy-
BaHHS JaHuX yrciamu Pi0OHAYYl BUILIMBAE 3 aHATOTTYHHX
MaTpUIlh 7-TO TOPsAAKY. Ha BiAMIiHY BiJg KTAaCHYHUX HAM-
JIMIIKOBUX KOIIB OCHOBHOI OCOOJIMBICTIO 3alpOIIOHOBAHO-
r0 METOJLY € Te, 110 BiH JIa€ 3MOT'y KOPHUI'YBaTH 3aInudpoBaHi
€JIEMEHTH MaTpHILI, SKi TEOPETUYHO MOXKYTh OyTH HeoOMe-
JKCHUMH LIUTUMH Yrciami. J[7isi HARmpOoCTIIIoro BUMAIKy KO-
puryBajbHa 31aTHICTh LOIO MeTOay cTaHoBuTh 93,33 %,
[0 3HAYHO IIEPEBUINYE BiOMiI KOPHUTYBAJIBHI MOXKIHBOCTI
IHIITUX METOZIIB.

VY poborti [20] HaBeneHO HOBHUI Kiac KOMIIB 3 MOMKITUBIC-
TIO BUIIPABJICHHS MOMMJIOK Ha MiACTaBi MOCTITOBHOCTI YH-
cen ®iboHaydi. 3ampornoHOBaHO KJIac KBaJpaTHUX M) -

MAaTpHLb #-TO CTENeHs p-T0 MOPSAKY A MH(ppyBaHHS aa-
HHX 1 3aIIPOIIOHOBAHO METOAMKY KOHTPOIIIO 32 MOSBOIO II0-
MUIOK. Lle 3HauHO po3MHpIOe pe3yaIbTaTH NONepeIHIX J10c-
TimKeHb [54] momo MeToNiB KOPHUTYBaHHS ITOMHIOK, BH-
HUKHEHHS SKUX 3yMOBJICHE IIepelayuero KaHaJlaMH 3B'S3KY
3amMu(poBaHUX MOBIOMIICHb. ABTOPU BBaKAIOTh, IO IS
LIJIOTO YHCIa ) MOYKHA 3TEHEPYBATH ABIHKOBY M, -MaTpH-

II0 1-TO cTemeHs po3MipoM (p+1)x(p+1), HeHymbOBI eme-
MEHTH SIKOi po3TaIlioBaHi abo Ha cymepaiaroHai, abo B oc-
TaHHBOMY DSAIKY MaTpuili. 3BHYaiiHy M) - Ta oOepHeHy

M " -MaTpuIi 7-TO CTyNEHs BUKOPUCTOBYIOTh SK MaTpHIli

mmdpyBaHHS Ta qemupyBaHH JaHUX BiAMOBiIHO. Takox
BOHU TTOKa3aJIy, 110 /Ul I0CTaTHHO BEJIMKUX 3HAYCHB /1, HE-
3aJIe)KHO BiJi 3HAUEHb EJIEMEHTIB MAaTpPUIll MOBIIOMIICHHS
M,, Mix ereMeHTaMM 3amU(poBaHOi MaTpHUIli iCHYIOTH
3B'SI3KU E,=M,xM. Li BITHOCHHU MalOTh Ba)KJIMBE 3HA-

YEHHs ITi/1 Yac BHSBJICHHS Ta BHUIIPABJICHHS MOMMIOK y 3a-
i pOBaHUX TOBITOMIICHHSX.

VY poboti [47] pO3rIAHYTO y3arajdbHEHi CIiBBIJHOIICH-
HSl MK €JIeMEHTaMH MaTpHlli IN(ppyBaHHs NaHUX, 3alpo-
TIOHOBAHO HOBY KOMIUIEKCHY M, ,-MaTtpuito PiboHayui,
eJIeMEHTaMH SKOi € BimmoBimHI ywcna. Po3pobieHo mMeron
mmdpyBaHHS aHWX, [0 BHUIUIMBAE 3 i€l KOMIUICKCHOI
H, ,-matpuni @i6oHayyi, a TaKOk BCTAHOBIEHO 3B'A3KU
MiX ii eleMeHTaMH. 3alpoNOHOBAHO IMiIXIA O BUSBICHHS
Ta BUIIPABIICHHS NMOMWIOK y 3aIIN(pPOBAHUX MOBIIOMIICH-
HSIX, 110 TPYHTYETHCS Ha MOTPeOi po3B'a3yBaHHS Ai0(paHTO-
BUX DIBHSHb.

VY poborti [21] po3pobieno meron mmppyBaHHS JTaHAX
Ha mijacTasi noiaiHoMiB Pi0oHaYYl 3 MOMKIIMBICTIO BUSBIICH-
HSl Ta BUIPABICHHS NMOMWIOK y 3amn(ppOBaHUX IOBIIOM-
neHHax. s mimmx gucen m > 2, x> 1 1 n > 1 po3pobieHo
Q! -MaTpHUIIO /1-TO CTEIEHS PO3MIPOM m = m, Ky Ha3BaHO
0! (x) -MaTpuLio MU(PyBaHHS JaHUX, €JIEMEHTaMHU SIKOi €

noniHoMu PiboHaydi. s gemmdpyBaHHS NaHUX aBTOPH
HaBOJATH 00epHeHy Q"(x) -MaTPHIIIO, OCOOIMUBICTH SKOT y

TOMY, IIIO IXHill BU3HAYHUK CTaHOBUTH t1. HaBeneHo mpoc-
TUH KPUTEPii BUSBICHHS ITOMIUIOK 1 BIJIIOBITHUNA METOJI 1X
BUIIPABJICHHS JUIA LILOTO KJIACy MaTpuIlb. Takox MmokaszaHo,
0 HMOBIPHICTH TOSBU TOMWIIOK Yy 3alu(ppOBaHUX MOBi-
JIOMJICHHSIX MaiiKe HyJIbOBa 3a JJOCHTh BEJIMKHUX 3HAYEHb 711.
HaBeneno HaouHi npukiagy muppyBaHHs AaHUX, a TAKOK
pi3HI BHUIIAIKM BUSBJICHHS Ta BHIIPABJICHHS MOMHJIOK y 3a-
mr(pPOBAHUX TTOBITOMIICHHSIX.

VY poborti [19] po3pobieHo HOBUI MeTON MUPYBAHHS
TaHUX Ha miacTasl nmoaiHomiB @i0oHaYYl 3 BHCOKOIO IIBH/I-
KICTIO 1X reHepyBanHst. [list minmux yucen m, n i x = 1 MOX-
Ha 3reHepyBaTH KBaapaTHy (O, (x)-MaTpULIO 71-TO CTEIICHSA
2m-T0 TOPSIKY, eIeMEHTaMH K01 € nomiHoMu DiboHayyi, i
BiAMOBiHY 0o0epHEeHy Q! (x) -MarpuIo s ix gemudpy-
BaHHA [32, 33, 35]. Takox moka3aHo, MO OIBUAKICTE IIH{)-
PYBaHHS JaHHX 32 JOIMOMOTOI0 UX MaTPHLb 3HAYHO BHIIA,
HDK 3 OpUTIHAJLHUMH MaTPUISIMH Ha MICTaBl 3BUYAHUX
yucen Didonayyi.

Y poborTi [45] 3anporioHOBaHO HOBY Teopito muppyBaH-
Hs nanux Ha (h(x), g(y))-po3UpEeHH] MOJIHOMIB p-4HCIa-
Mu @ibonaydi. BusHaueno takox 30moTi (p, h(x), g(y))-
mponopii, xe p = 0 — mimi gucna, A(x) >0, g(y) >0 — momi-
HOMH 3 JiACHUMH KoedimieHTamMu. BcTaHOBIICHO, IO CITiB-
BiHOLIIEHHS] MiX €leMeHTaMM KBajapatHoi G, ;.-MaTpuili
diboHayui MOBHICTIO 30Irar0TbCSA 31 CHIBBIIHOLIEHHSIMH
MDK €JIEMEHTaMH MaTpulll muQpyBaHHS JUIS PI3HUX 3Ha-
4eHb p 1 noniHoMiB i(x) = m i g(y) = ¢ [10]. Takox cniBBin-
HOIIICHHS MK €JIeMEHTaM{ MaTpHili H(PyBaHHs sl 110-
mirOoMiB A(x) = 1 1 g(y) = 1 30iraroTbcs 3 y3aralbHEHIMH CITiB-
BITHOMICHHSAMH MDX €JeMEHTaMH MAaTpHIll Mmu(pyBaHHSI
gucnamu ®@idoHaudi [7]. 3aBISKH BiIIIOBITHOMY BHOOPY ITO-
YaTKOBHX WIEHIB y (A(x), g()))-po3MupeHH] TIOTiHOMIB p-Uu-
cmamu DiboHaudi kBaapaTHY G, ) ,-MATPUILIFO MOXKHA 3aCTO-
cyBaTH Juisl MuUQpyBaHHS JaHUX pi3HOi BennunHH. [1ix gac
00roBOPEHHS pe3yJIbTaTiB JIOCIIPKEHHSI aBTOPU CTBEPIXKY-
I0Th, IO JIOCTOBIPHICTh TXHBOTO METOJ/Y 3pocTae 3i 301iIb-
IICHHSM 3HA4YeHHsI p, ajle BOHA HE 3aJIeKUTh BiJl 3HAUYCHb
MOJIHOMIB /() 1 g(), SIKi 3HAYHO MiABHIYIOTH KPUITOTPa-
(higHy CTIMKICTH 3amm(ppoBaHUX MOBiTOMIICHH [26]. BeTa-
HOBIICHO, IO CKIIAJHICTh IOTO METOIY 3pOCTa€ 3i 30iTb-
IICHHSAM CTeTIeHs TMOMiHOMIB /(x) 1 g(v). Takox 3HaiimeHO
3B'SI30K MiXK 30JI0TOXO (p,/(x), g(V))-TIPOTIOPITiEr0, MiXK 30J10-
TOXO (p,h(x))-TIPOTIOPIIIEI0 Ta MK 30JIOTOIO P-TIPOTIOPIIIETO.

Y poGoti [48] po3MISHYTO OCOONMBOCTI peaizariil
KpHnTorpadiqyHuxX nepeTBopeHb 3 BUKOPUCTAHHSIM y3arab-
HeHuX Marpuip PiboHauyui 3 AdinanM mmppom Ximia.
ABTOpH 3aIpONOHYBAIIM KpUNTOrpadito 3 BIIKPUTUM KITIO-
4eM i3 BUKOpHCTaHHAM AdinHoro mmdppy Ximra ta y3a-
ranpHeHOi Marpuni Pi0oHaudi, sIKy IIe Ha3UBAOTh MaTpH-
e MynbTuHaudi (aHri. Multinacci Matrix). Takox 3am-
POTIOHOBAHO CXEMy BCTAHOBIICHHS Kifoda (0OMiHY MaTpu-
Her KioviB K =QF mopsiaky A\ s mmdpyBaHHS-/e-
mupyBaHHs) 3a JONOMOTOIO ITOCITIIOBHOCTEH MaTpHIlb
MYyJBTHHAYYI T TPOCTAM MOIyJIeM. Y Iii cXeMi 3aMicTh
00MiHY MAaTpHIICI0 KIIIOYiB MOTPIOHO OOMIHATHCS TITBKA
naporo unceln (A, k), o 3MEHIITy€e YacoBY CKIAIHICTh Iepe-
Jladi JaHUX, a TAKOXK CKIATHICTh MPOCTOPY OOHIHY KITFOYa-
MU Ta 3a0e31euye BeTUKUI MPOCTip IXHFOTO TeHEPYBaHHS.

Y pobori [17] posrisiHyTo 0coOIMBOCTI cynepuudpy-
BaHHS JaHUX 3 MarpuisiMu Ta rpadikamu [lemma-Jlykaca
yepes nepeTBopenHs Jlamnaca. ABTOpH MPOMTOHYIOTh HOBHIA
MeTo 1 mupyBaHHs JaHUX ITi7 Ha3BOw OaratodasHe mud-
pyBauHs (aHri. Multiphase Encryption). llei meTon mud-
pye€ BXimHI IaHi JeKiTbKa pa3iB 3a JOIMOMOTOIO Pi3HUX IIO-
TY>KHUX aJTOPUTMIB mH(pyBaHHS HA KOXKHOMY eTtami. Me-
ton OararodasHoro mupyBaHHS BUKOPUCTOBYE BIIACTH-
BOCTi JepeB Teopii rpadiB, marpunp I[lemma-JIykaca Tta
umppy BixkeHepa, 1o 3HaYHO MiABHILYE KPHITOTpadidHy
CTiMiKicTh anroputMmy mudpyBanHs. HoBy Mmeromuky cy-
nepmupyBaHHS JaHUX 3 BHKOPUCTAHHSM IE€PETBOPEHb
Jlanmaca depe3 uucna ®iboHau4i, BUKOPUCTOBYIOYH BIlac-
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THUBOCTI iepeB Teopii rpadis 3a goromororo mmdpy bodop-
ta (anri. Beaufort Cipher), 4acTo 3aCTOCOBYIOTh IS LU (-
PYBaHHSI IPOCTOTO TEKCTY, SKUH € OUThII Oe3MeuHuM, HiXK
CHMETPUYHA KPHUITOCHCTEMa, OCKUIBKH 3BHYAHHHI TEKCT
MOXKHa 3amudpyBaTu y 0arato mapis.

VY poboti [60] pO3rIAHYTO ANTOPUTMH CHMETPUIHOTO
mmdpyBaHHS JaHUX y TONIHOMIaJIbHIA CHCTEMi YHCICHHS
3QIUINKIB. ABTOPH BIIEpIIE PO3POOHIN TEOPETHUHI IT0JIO-
JKEHHsI 11010 pealtizalii CUMETPUYHHX KpHUITOrpadiuHUX
ITOPUTMIB Ha MiJICTaBl MOJIHOMIAJILHOI CHCTEMH YHCJICH-
Hs 3anmuiikiB RNS (aurn. Residue Numeral System). OcHOB-
HOIO 0COOJIMBICTIO 3aIIPOIIOHOBAHOTO IIIXO/Y € Te, L0 TPH
BiJTHOBJICHHI ITOJIIHOMA 32 METOJIOM HEBH3HAYCHUX KOei-
uientiB (auri. Method of Undetermined Coefficients) one-
paLiro MHOXKCHHSI BUKOHYIOTb HE Ha 3HAMJEHUX Oa3HCHHX
YHUCcliaX, a Ha JIOBLUIbHO BUOpPAHUX MOJIHOMAX. TaKi IMOiHO-
MH pa3oM i3 HOIapHO B3a€MHO NPOCTUMH 3aJTUIIKAMH CHC-
TeMU KJIaciB 3aMumiKiB (aHri. Residue Class System) ciyry-
I0Th KJII0YaMH Kpunrorpadiunoro amroputMy. HasemeHo
CXeMHU Ta MpPUKIAAX peatizaiii po3poOJICHOrO TOTIHOMI-
QIBHOTO CHUMETPUYHOIO alrOPUTMY INU(PPYBaHHS JaHHX.
[ToOynoBaHO aHATITUYHI BUPa3H JJIsl OIIHIOBAHHS KPUIITOT-
padigHOi CTIMKOCTI aNrOpUTMy Ta HaBeAEHO iX rpadidHy
3aJIEXKHICTD BiJl KIJIBKOCTI MOJYJIB 1 CTENEHIB MOJiHOMA.
PesynpraTi OCHIPKEHHSI MOKA3ylOTh, IO KPHIITOAHAI3
3aIIPOIIOHOBAHOTO AJITOPUTMY Ma€ KOMOIHATOPHY CKJIaj-
HICTb, IO TIPU3BOIUTH 110 BupimieHHs NP-1mmoBHOI 3a1a4i.

[IpoanamnizoBaHi BHIE POOOTH CTOCOBHO HAasBHUX ITif-
XOJiB 10 TeHEPYBaHHS MOCIITOBHOCTI ITOIIHOMIaTbHUX Ma-
Tpunp PiOOHAYYI, a TAKOK MOKIMBOCTEH iXHBOTO BHKO-
pHCTaHHA Ui WU(PYBaHHS ONOKOBHX JAQHHMX BKa3ald Ha
T€, 10 HAaBITh 32 OCTAHHE JECATUIITTS BHKOHAHO 0araro
PI3HOMAHITHHUX IOCIIIKCHbD, B KO)KHOMY 3 SIKUX TIEIO UM 1H-
II0F0 MIpOIO OOTPYHTOBAHO Pi3Hi MiAXOAM A0 IXHBOTO I'eHe-
pYBaHHs, IPOTE HE HABEJICHO NMPHUKJIAIN IXHHOTO KOHKpET-
HOTO BWIVISLY, OJJHAK JIOBEJCHO IOIUIBHICTH iX BHKOPHC-
TaHHA JuIsl mudpyBaHHs OJIOKOBUX MaHuX. BoxHowac Oyio
3'ICOBAHO, IO SK OKpeMa IPOIeaypa 3aXHUCTy OJIOKOBHX
JAHUX TIOMiHOMiabHUMU MatpumsMu DiboHawdi B Teopii
Ta MpaKTUIl KpunTorpadii TpamiseTbes BKpai pigko. Tomy
MpOBEICHE HaMHU JOCTIKCHHS MO0 Po3poOieHHs edek-
TUBHOTO METOJY T€HEePYBaHHSI ITOCIIiJOBHOCTI MOTU(iKOBa-
HUX TMOJiHOMiaNbHUX MaTpulpb PiboHAYHl M-TO TOPAIKY,
HaBEJICHHS POOOYMX MPUKJIAIIB IXHPOIO KOHKPETHOTO BUI-
JISITy, @ TAKOK BCTAHOBJICHHS TICBHUX OCOOJIMBOCTEH IXHBO-
IO BUKOPHCTaHHS JUisi U(pyBaHHS OJOKOBHX JAaHHUX Tillb-
KU SIK JIOKQJIBHOTO METOJy € YAaCTKOBHM BHPILICHHSM i€l
aKTyaJIbHOI TpoOJieMH, 10 W OyJI0 NMPOAEMOHCTPOBAHO B
IBOMY JTOCTIIIXKCHHI.

OTxe, 3a pe3yapTaTaMi BUKOHAHOI pOOOTH MOYKHA Cop-
MYJIOBATH TaKi HAYKOBY HOBH3HY Ta MPAaKTUYHY 3HAUY-
IIiCTh PE3YNbTATIB TOCIIIHKCHHS.

Haykoea nosusna ompumanux pesyiomamie 00Caiodicen-
Hsl — PO3pOOJIEHO METOJ TeHEpYBaHHS 1-0i MOCIITOBHOCTI
MO (iKOBaHUX MONIHOMIiaNBHUX MaTpunpb Dibonaudi mi-
r0 TOPSIIKY, CTPYKTYpa CJIEMCHTaMU SIKMX MICTUTh 3HAYHY
KUTBKiCTh moJiiHOMIB ®Dibonauui Bix (n—2)-ro mo (2(m—
2)+n)-ro HOMEpa, KWW, HA BiAMIHY BiJ BIIOMHX METOIB,
BUKOPHUCTOBYE MAaTpHUYHE PEKypEHTHE CIIiBBiAHOIICHHS,
aHAJIOTIYHE PEKYPEHTHOMY CITiBBITHOIICHHIO IJISI TEHEPY-
BaHHs yncen PiboHaydi, a 32 OTpUMaHUMHU MaTpUIIMu Di-
OoHAuul MO’KHA 3HAXOAUTH SK IXHI BH3HAYHUKH, TaK 1
00CpHEHI MaTPHIIi BiAIOBITHOTO MOPSIKY.

Tlpaxmuyuna 3nayywicmo pe3yaomamis 00CaiONCeHHA —
PO3pO0JICHUIT METO TeHEPYBAHHSI MMOCIIAOBHOCTI MO ]i-

KOBaHUX TOJIIHOMiaJIbHUX Marpulp Pibonauyi m-ro mo-
pAIKY, eleMeHTaMH SIKUX € rnojiHomu didoHayui, a TaKkoxK
3aMpoINOHOBaHI METOAM 3HAXOMKEHHS iX BH3HAYHHKIB 1
00EpHEHNX MaTPHIb MOXKHA 3aCTOCOBYBATH B MaTPHYHOMY
MeToJi mu(pyBaHHs OJIOKOBUX JaHMX, IO 3arajoM JIacTh
MOXIMBICTh ©(EKTHBHO TNepeaaBaTH KaHalaMH 3B'S3KY
0JIOKOBI ITOBIJOMJICHHSI Pi3HOI BETMUUHU.

BucHoBok / Conclusions

Po3pobisieHO MeTo[ TeHepyBaHHS 71-01 IMOCHITOBHOCTI
Mo (iKOBaHUX MONIHOMIiaNBHUX MaTpunpb Dibonauui mi-
IO TOPSIIKY, CIeMEHTaMH SIKHX € mojiiHoMu PiboHaudi Bij
(n—-2)-ro no (2(m—2)+n)-ro HOMepa, SIKUI A€ MOXKIIMBICTh
3HAXOJUTH K IXHI BU3HAYHWKH, TaK i OOEpHEHI MaTpHil,
MPUAATHI JUIT MAaTPUYHOTO METOy MH(pyBaHHS OJIOKOBHX
JTaHNX. 32 pe3ysbTaTaMHi BUKOHAHOTO JOCIIKEHHS MOXKHA
3pOOUTH TaKi OCHOBHI BUCHOBKH.

1. IIpoaHani3oBaHO OCTaHHI IOCHIHKCHHS Ta ITyOJiKa-
1ii, BHACHIJOK YOTO 3'ICOBAHO CKIIAJHICTh MPOOIEeMHU TeHe-
pPYBaHHS TOCHTITOBHOCTI MOAW(DIKOBAaHUX MOJIHOMIiAIbHUX
MaTpuis @i00oHaYUi 71-TO MOPSAKY K OCHOBY JUIS MIU(PY-
BaHHS OJIOKOBHMX IaHHX, IO JAaCTh 3MOI'Yy 3IIHCHIOBATU
e(heKTUBHMN 1X 3aXHCT. 3'ICOBAHO, IO HABITh 33 OCTAHHE
JIECATHIITTSL HaJPYKOBAHO 3HAYHY KUIBKICTB ITyOmikamii, B
KOJKHIH 3 SIKMX OOIPYHTOBAHO Pi3HI MiAXOIH SIK J0 TeHepy-
BaHHS MOCJIIZIOBHOCTEH TaKMX MOJIHOMIB i OJIHOMIQJIbHUX
MaTpuis PiboHAUYi, TaK 1 JOBEJACHO MOUITBHICTH X BHUKO-
pucTaHHS Ui WUQpPyBaHHS OJOKOBHX MaHWX. Bomnouwac,
3aCTOCYBaHHS MTOJIIHOMIB 1 TTONIHOMIATEHIX MaTpHuib Dibo-
HauYl K OKPEeMOi MPOIEeTypH IS 3aXHCTy BiIIIOBIIHO ITO-
TOKOBHUX 1 OJIOKOBHX JaHHX Y TEOpii Ta MPaKTHIll KPHUIITOT-
padii TparseTbes BKpal piaKko.

2. HaBeneHo TpaauiiiiHi criocoOu MOJaHHS TaK 3BaHUX
noJiiHoMiB PibOHaYYi, [0 MalTh OaraTo KOPUCHUX Biiac-
THBOCTEH, BUKOPHCTAHO TUIBKH Ti 13 HUX, SKI MOKHA 3aCTO-
CyBaTH JUI1 T€HEpPYBaHHS IOCHIJOBHOCTI MOAM(IKOBAHUX
MOJIHOMIJIBHUX MaTpuis Didonawui m-ro nopsaxy. Bera-
HOBJIEHO, 1[0 METOJ T'€HepyBaHHs IOCIIJOBHOCTI ITOJIIHO-
MiB @i0oHaYUi TONSITAaE y BHUKOPHCTaHHI PEKYPEHTHOTO
CHIBBITHOIICHHS, 3TiTHO 3 SIKUM HACTYITHUH TOTIHOM YTBO-
PIOIOTH IILIIXOM MHOXKEHHSI 3MIHHOT X TIOCIIZIOBHO HA eJe-
MEHTH MOTOYHOTO TIONIHOMA, MICIIA YOTO TPYMYIOTh CXOXKI
JIOZIAHKY 3 JJOAAHKaMH TTOTIEPEJHBOTO TTOJIIHOMA.

3. Po3po0iieHo MeTO | FeHepYBaHHSs MMOCII0OBHOCTI 3 7~
01 KUTBKOCTI MOAM(IKOBaHUX MOJIHOMIANEHUX MAaTPHIh
®iboHau4i m-ro MOps/IKy, eNeMEHTaMH SIKUX € TOJIIHOMH
®ibonauui Big (n—2)-ro no (2(m-2)+n)-ro HOMepa, sKHii
1a€ MOJKJIMBICTh 3HAXOAUTH HE TIJIBKM IXHI BHU3HAYHHUKH,
arne 1 oOepHeHl MaTpHIl, SKi MOKHA 3aCTOCYBaTH y Mart-
puuHOMY MeToi mudpyBaHHS OJIOKOBUX JaHuX. BcTaHoB-
JICHO, III0 METOJ TeHePyBaHHS MOCIiAOBHOCTI MOIM(iKOBa-
HUX TIOJIHOMiadhbHUX MaTpuilh @iOoHAUUI MTOJISATAE y BUKO-
pUCTaHHI PEKYPEHTHOIO MATPUYHOTO CIIIBBIIHOIICHHS,
3TiHO 3 IKUM HACTYITHY TOJIHOMIabHY MaTPHINIO YTBOPIO-
I0Th IIUIIXOM MHO>KEHHS 3MIHHOI X ITOCTII/IOBHO Ha €JIEMEH-
TH TIOTOYHOI MaTpPUIIi, SKUMH € BiANOBiAHI nomiHoMu Pibo-
Ha4YYi, JTOJTaBaHHS €JIEMEHTIB YTBOPEHOI MATpHIi JI0 ele-
MEHTIB TOTIEPEAHBOI MAaTPHII, IMICJIS YOTO Y KOKHOMY 3 1i
YTBOPEHUX €JIEMEHTIB I'PYIYIOTh YC1 CXOK1 JOAaHKH.

4. HaBeneHO aJlrOpUTMHU YTBOPEHHSI TIOCITIIOBHOCTI 3 8-
MU MOAN(DIKOBAaHUX TOTIHOMIambHUX MaTpunb DiboHaudi
2-ro, 3-r0, 4-T0 1 5-T0 MOPSIKIB, CIEMEHTAMHU SKUX CTaJIA
nosiiHoMu Didonayyi Bix (n—2)-ro 10 (2(m—2)+n)-ro HoMe-
pa (Vne {3+8}), mo mano 3Mory mpoaHali3yBaTH HE TUTbKH
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0COOIMBOCTI IXHBOI TOOYZOBH 3arajioM, aue i yCBIIOMHTH
MPOIETypH 3HAXOIDKCHHS iX BH3HAYHHKIB 1 OOCpHEHHX
MaTpuIls 30KpeMa. Po3poodieno I13, ske mae 3Mory reHepy-
BaTH SIK TOCITITOBHOCTI MOIM(IKOBAHUX TMOTIHOMIaTbHIX
MaTpuilp Di00HAYYI Mm-TO MOPSIKY, TaK I 3HAXOTUTH IXHI
BU3HAYHHMKM Ta OOEpHEHI IMOJIiHOMIiajbHI MaTpHIli aHajo-
TI9HOTO TTOPSIAKY.

5. HaBeneHo mpuKiIaja 3aCTOCYBaHHS MAaTPUYHOTO METO-
Iy mrudpyBaHHS OJIOKOBUX JaHWUX TTOIHOMIaThHOIO MaTpH-
nero @iboHaYi, 110 JTa€ 3MOTY 3aIliKaBICHOMY YHTady 3pO-
3yMITH OCHOBHHMI NPUHIUI MIH(PPYBAHHS K [MOYATKOBOTO
MOBIIOMJICHHS, TaK i po3IMN(PyBaHHS 3aIIN(PPOBAHOTO TT0-
BiTOMJICHHS. Y HaBeIEHOMY MPHUKIAAL U MAaTPHIIL BXiTHO-
ro moBizomiieHHs Hag andasitom {0, 1,..., 255} 1 gms mino-
r'0 YKCiIa X = 4 BUKOPUCTAHO 4-Ty MOJIIHOMIaTIbHY MATPHIIO
®diboHauyi 3-ro MOPSAKY, €IEMEHTaMH SIKOi € TOJIIHOMH
®idonayui Big 3-ro q0 1-ro crenens. J{as oTpUMaHHS BH3-
HaYyHHMKa MaTpPUIll BUKOpHCTaHO dopmyiy JleiiOnina, a s
3HaXO/DKEHHsI OOCpPHEHOI MATpHIli 3aCTOCOBAHO METOJ
Mownrante (anrit. Montante method).

6. 3a pe3ynpTaTaMu BUKOHAHOTO JTOCIIKCHHS 3p00Te-
HO OOIPYHTOBaHI BHCHOBKM Ta HaJaHO BIAIMOBINHI peKo-
MeHJaMil 10/10 X MPAaKTHYHOTO BUKOPUCTAHHS SIK OCHOBH
g mrdpyBaHHS ONOKOBHX NaHHX, IO Ja€ 3MOTy edek-
THUBHO TIepeJaBaTy KaHaJlaMH 3B'S3KY BIIIOBIIHI MTOBiIOM-
JICHHS PI3HOT BEJIMYHHHU.
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METHOD FOR GENERATING A SEQUENCE OF MODIFIED FIBONACCI POLYNOMIAL MATRICES

The features of generating the nth sequence of modified Fibonacci polynomial matrices of the mth order, whose elements are Fi-
bonacci polynomials of degree no higher than (2(m—2)+n)th number, are presented. The obtained matrices allow finding both their
determinants and inverse matrices suitable for matrix encryption of block data. It is found that a significant number of studies have
been published over the past decade, each of which substantiates different approaches to generating sequences of Fibonacci polyno-
mial matrices and proves the feasibility of their use for encrypting block data. It is established that the use of such matrices as a sepa-
rate procedure for protecting block data in the theory and practice of cryptography is extremely rare. Sequences of Fibonacci polyno-
mial matrices from the 2nd to the 5th are analyzed. The shortcomings of the traditional approach to forming the structure of the ele-
ments of such matrices have been identified, primarily the number (k) of distinct elements, which are Fibonacci polynomials of no
more (n—1)th power. It has been established that for Fibonacci matrices of any order (m) of such different Fibonacci polynomials the-
re will be only £ = 3. The structure of the elements of such matrices depends only on the number (1) of the sequence of the Fibonacci
polynomial matrix. An insignificant number of such elements is not only uninformative and transparent for the cryptanalyst, but also
not stable with respect to cryptanalysis. The structure of the elements of the Fibonacci polynomial matrices has been modified, the
number of which already depends on the order of the matrix (m) and is k,, = 2m—1. A method for generating a sequence of modified
Fibonacci polynomial matrices has been developed, which consists in using a recurrent matrix relation, according to which the next
polynomial matrix is formed by multiplying the variable x sequentially by the elements of the current matrix, adding the elements of
the formed matrix to the elements of the previous matrix, after which all similar terms are grouped in the formed elements. Algo-
rithms for forming a sequence of 8 polynomial modified Fibonacci matrices from the 2nd to the 5th order, whose elements are Fibo-
nacci polynomials of no higher than (2(m—2)+n)th number, have been presented. This made it possible to analyze not only the featu-
res of their construction, but also to understand the corresponding procedures for finding their determinants and inverse matrices. It
has been found that the proposed structure of the elements of the nth sequence of modified Fibonacci polynomial matrices of the mth
order has an interesting property. It is possible to avoid using the recurrent matrix relation and generate the corresponding modified
Fibonacci polynomial matrices only by the numbers of the (m+n—2—j)th sequence of Fibonacci polynomials. The specific values of
the elements of these matrices depend on their location in the matrix and the number of its column, namely Vje [0+(m—1)]. Software
has been developed that allows generating both sequences of modified Fibonacci polynomial matrices of the mth order, and finding
their determinants and calculating the inverse polynomial matrices of the same order. An example of applying the matrix method of
encrypting block data with a modified Fibonacci polynomial matrix is given. This allows the interested reader to understand the basic
principle of encrypting both the original message and decrypting the encrypted message.

Keywords: sequence of Fibonacci polynomials; recurrent matrix relation; sequence formation mechanism; inverse Fibonacci
polynomial matrix; encrypted message; matrix data encryption method.
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